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SECTION-J 


1.1 Complex Number: A complex number is a number that can be expressed in the form x + iy, 
where x and y are real numbers. If we write z = x + iy, where x and y are real variable’s then z is 
called a complex variable. 


It is clear that the set of complex numbers includes the real numbers as a subset. When real 
number x is displayed as point (x, 0) on the real axis and Complex number of the form (0, y) correspond 
to point on the y axis and is called purely imaginary number, when y # 0. The y axis is then referred to as 
the imaginary axis. It is customary to denote a complex number (x, y) by z (see Fig. 1). 


@) x=(x, 0) x 


Figure 1 


To each complex number there corresponds one and only one point in the xy-plane and 
conversely, to each point in the xy-plane there exists one and only one complex number. xy-plane is 
also called complex plane, Argand plane and Gaussian plane. 


The real numbers x and y are, moreover, known as the real and imaginary parts of z, respectively; and 
we write 


x =Rez, y= Imz. (1) 
The sum z,; + z2 and product z)z7 of two complex numbers 

Z1 = (x1, yi) and Z2 = (x2, y2) (2) 
are defined as follows: 

(X1, Vy) + (X2, V2) = (X1 + X21 t y2), (3) 

(x1, Vi) (X2, V2) = (X1X2 — VIV2 YixX2 + X1V2). (4) 


Note that the operations defined by equations (3) and (4) become the usual operations of addition and 
multiplication when restricted to the real numbers and 


(x1, 0) + (x2, 0) = (x1 + X2, 0), 
(x1 0) (x2, 0) = (1X2, 0). 


The complex number system is, therefore, a natural extension of the real number system. 


1.1.1. Basic algebraic properties of complex variable: Various properties of addition and 
multiplication of complex numbers are the same as for real numbers. We list here the more basic of 


these algebraic properties and verify some of them. 
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The commutative laws 
Zit Z2= Z2t Z), ZjZ2= Z2Z] 
and the associative laws 
(Z1+ Zz) + 23> 2+ (Zt 23), (21Z2)23= 2) (2223), 


follow easily from the definitions of addition and multiplication of complex numbers and the fact that 
real numbers obey these laws. 


For example, if 
Z1= (x1, yi) and z2= (x2, v2), then 
Zt Z2= (Xy+ X2, Vit 2) = (X2t- Xp Yat Yi) = Z2t 21. 

Verification of the rest of the above laws, as well as the distributive law 
Z(Z1+ Zz) = zz 1+ ZZ), is similar. 


According to the commutative law for multiplication, iy = yi, one can write z = x + yi instead of 
z =x + iy. Also, because of the associative laws, a sum z;+ z2+ z3 or a product z)z2z3 is well defined 
without parentheses, as is the case with real numbers. 


The additive identity 0 = (0, 0) and the multiplicative identity 1 = (1, 0) for real numbers carry over to 
the entire complex number system. That is, 


z+0=zandz:1=z (5) 


for every complex number z. Furthermore, 0 and | are the only complex numbers with such properties. 
There is associated with each complex number z = (x, y) an additive inverse 


“40> (-x,-y), (6) 


satisfying the equation z + (—z) = 0. Moreover, there is only one additive inverse for any given z. Since 
the equation 


x yt (uw=(0,0) 
implies that 
u =—-xand v =-y. 


For any nonzero complex number z = (x, y), there is a number z such that zz ‘ = 1. This multiplicative 
inverse is less obvious than the additive one. To find it, we seek real numbers uw and v, expressed in 
terms of x and y, such that 


(x, y) (u, v) = (1, O). 
According to equation (4), which defines the product of two complex numbers, u and v must satisfy the 
pair 

xu-yw=1,ywtx=0 


of linear simultaneous equations and simple computation yields the unique solution 


x es 
SS 2 29> =—_ 
x+y x+y 


So, the multiplicative inverse of z = (x, y) is 
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r'e| - 2? 5 (e#0) (7) 


The inverse z | is not defined when z = 0. In fact, z = 0 means that x° + y’ = 0 and this is not permitted 
in expression (7). Such properties continue to be anticipated because they also apply to real numbers. 
We begin with the observation that the existence of multiplicative inverse enables us to show that if a 
product zz» is zero, then so is, at least one of the factors z; and z2. For suppose that z)z = 0 and z,; # 0. 
The inverse z,' exists and any complex number times zero is zero. Hence, 


= =. ah ee mee yl ae) eee 
t= EZ, (22, )=(z, vA ees (225) =2,0=0. 


That is, if z;z2 = 0, either z; = 0 or z2 = 0; or possibly both of the numbers z, and zz are zero. Another 
way to state this result is that if two complex numbers z; and zz are nonzero, then so is their product z/z2. 


In terms of additive and multiplicative inverses, Subtraction and division are defined as 


2-2, = 2,+ (-2,), (8) 
= 2,25 (z, #0). (9) 


Thus, in view of expressions (8) and (9) 


Z)— 2) = (x, 1) a (-x,,-2) = (x,- %.¥- Ia) (10) 
and 

4, xy ~)2 XX, TV. VX. ~ Xo 

—_ => xX, . => 5 5 Zi #0 11 

Z, (| — Bey, aeeY, }G ) oe 


where Zz; = (x), y7) and Z2 = (x2, y2). 


Using z; = x;+ iy; and z2= x2+ iy2, one can write expressions (10) and (11) here as 


Z, = 25 =(x, -—x,) F104, — V5) (12) 
and 

AAAI BHR (90 a 
or 

Zo (x, + iy, )(x, -iy,) iia 


Zz, (x, +iy,)(x,-iy,) 
1.1.2 Example: Show that 
G@) |z,+2, $12 [+12 | 
Gi) || 2, 1-1 2, Ils 14-2, | 


Solution: To prove these, we first observe that if z) + z2 = 0 , then there is nothing to prove. If 
Zz, +z)2#0, then |z; + z.| #0. Since Re z < |z|, we have 
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Z + Z> Zy + Z> 
From which (1) follows. 

To prove the second inequality, we write z; = z2 + (z; — Z2) so that, by (1), 
Z, |S | 24 |+| 2, = 2¢ |s 

i.e. z,I-|z,|<|2z,-2 


2/- 


Similarly, we obtain 


Z,|-|2,| $124 -2, |=|2,-2, |. 
On combining these two inequalities, we get (ii). 


1.1.3 Vector and moduli: It is natural to associate any nonzero complex number z = x + iy with the 
directed line segment, or vector, from the origin to the point (x, y) that represents z in the complex 
plane. In fact, we often refer to z as the point z or the vector z. In Fig. 2 the numbers) z= x+ iy and 
—2 +i are displayed graphically as both points and radius vectors. 


Figure 2 
When z, =x, + iy) and z> =xX2+ iv2, the sum 
Z] + Z) = (x1 + x) =F i(v) + yp) 


corresponds to the point (x; + x2, y; + y2). It also corresponds to a vector with those coordinates as its 
components. Hence z; + z7 may be obtained vectorially as shown in Fig.3. 


y 


Figure 3 


Although the product of two complex numbers z; and z; is itself a complex number represented 
by a vector, that vector lies in the same plane as the vectors for z; and z2. Evidently, this product is 
neither the scalar nor the vector product used in ordinary vector analysis. 


The vector interpretation of complex numbers is especially helpful in extending the concept of absolute 
values of real numbers to the complex plane. The modulus, or absolute value, of a complex number =z 
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= x + iy is defined as the nonnegative real number,/x° +’ and is denoted by | z |, that is, 


|zl=ix7+y?. 
Geometrically, the number | z | is the distance between the point (x, y) and the origin, or the length of 


the radius vector representing z. It reduces to the usual absolute value in the real number system when y 
= 0. Note that while the inequality z; < zz is meaningless unless both zl and z2 are real, the statement 


| z, | < | z2 | means that the point z, is closer to the origin than the point z>. Since |- 3 + 2i| =V13 and 
|1 + 4i] = 17 , we know that the point —3 + 2i is closer to the origin than 1+ 4i. 


The distance between two points (x), y,) and (x2, v2) is |Z; — Z2|. This is clear from Fig. 4, since |z; — Zo| 
is the length of the vector representing the number z; — zz = z; + (—z2) and by translating the radius 
vector z; — Z2, one can interpret z; — z as the directed line segment from the point (x2, y2) to the point 


(x1 Yi). 

Alternatively, it follows from the expression 
Z1— 22 = (x; — X2) + ify — y2) 

and from definition 


|2,;-2 |= (x,-x)) +(9,-») 


y 


(x2. 2) 


Figure 4 


1.1.4 Complex Conjugates: The complex conjugate, or simply the conjugate, of a complex number 
z =x + iy is defined as the complex number x — ty and is denoted by z, that is, z=x-—iy. The 
number z is represented by the point (x, —y), which is the reflection in the real axis of the point (x, 
y) representing z (Fig. 5). Also z =z and | Z |=|z | for all z. 


¥ 


Figure 5 


If z; =x, + iy; and Z2 = x2 + iva, then 
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Z,+Z, =(% +x,)-i(y, +9. )=(% —iy,) +(x, —iy,) 


So, the conjugate of the sum of the conjugates is 


2, 25 =2, 72, 


In the same manner, it is easy to show that 


2, = 25 =2;— 2, 


and 
(z, # 0). 


An important identity relating the conjugate of a complex number z = x + iy to its modulus is zz=|z|’, 
where each side is equal to x” + y’. 

1.1.5 Exponential form: Let 7 and @ be polar coordinates of the point (x, y) that corresponds to a 
nonzero complex number z = x + iy. Since x =r cos @ and y =r sin 0, the number z can be written in 
polar form as z = r(cos 6 + i sin 0). If z = 0, the coordinate @ is undefined; and so it is understood 
that z # 0, whenever polar coordinates are used. 


In complex analysis, the real number ‘7’ is not allowed to be negative and is the length of the 


radius vector for z, that is, r=|z|-./x?+y’ . The real number @ represents the angle, measured in 
radians, that z makes with the positive real axis when z is interpreted as a radius vector (Fig. 6). As in 
calculus, @ has an infinite number of possible values, including negative ones, that differ by integral 
multiples of 2z. Those values can be determined from the equation tan 6 = y/x, where the quadrant 
containing the point corresponding to z must be specified. Each value of @ is called an argument of z and 
the set of all such values is denoted by arg z. The principal value of arg z, denoted by Arg z, is that 
unique value @ such that -z <@ <z. Evidently, then, 


arg z = Argz+2nn (n=0 ,+1,+2,...). (*) 
Also, when z is a negative real number, Arg z has value z, not —z. 
ez=xtiy 
ING 
Ale? x 
Figure 6 


1.1.6 Example: The complex number —1-—i, which lies in the third quadrant, has principal argument 
—3n/4. That is, 
3a 


Arg(—1-i) =-— 
g( ) J 
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It must be emphasized that because of the restriction -z <@ < z of the principal argument @, it is 
not true that 
Arg(-1-i) = “ : 


According to equation (*), 
arg(-1-1) =~ + 2na (n= 0/4122...) 


Note that the term Arg z on the right hand side of equation (2) can be replaced by any particular value of 
arg z and that one can write, for instance, 


arg(-1-i)=-77 + 2nn (e012) 


The symbol e”, or exp(i0) is defined by means of Euler’s formula as ec” =cos@+isin 0, where 0 is 
to be measured in radians. It enables one to write the polar form more compactly in exponential 
form as z=re”. 

1.1.7 Mapping: Let S and T be two non-empty sets in complex plane. If corresponding to every point z 
of the set S there can be assigned a unique point of w of the set T by means of a rule ‘f’, then we say that 
f is a mapping from S to T and we write it as f: S >T. 


1.1.8 Functions of Complex Variable: Let S and T be two non-empty sets in complex plane. If 
corresponding to each value of a complex variable z = x +iy of the set S, there correspond one or more 
values of another complex variable w = u + iv of the set T, then w is called a function of complex 
variable z and is denoted by 


w =f) =f + iy) =utiv. 
If z and w be separated into their real and imaginary parts then the relation w = f (z) becomes 
u + iv =f (x + iy). From here, it is clear that uw and v, in general, depend upon x and y in a certain 
definite manner so that the function w = f(z) is nothing but the ordered pair of two real functions u and v 
of two real variables x and y so that we may write w = u (x, y) + iv (x, y). 


Functions of (x, y) that depend only on the combination (x + iy) are called functions of a 
complex variable, with rectangular coordinates x andy. e.g. w=zZ 


ut iv =(x + iy)? =x —y + 2ixy 
= (0° —y") +i(2xy). 
Compare real and imaginary parts, we have 
u =x’ —y’ and v = 2xy. 
Thus, u and v are the functions of the real variables x and y. Therefore, w = f(z) = u(x, y) + iv(x, y). 


1.1.9 Single valued Function: If to each value of z there corresponds one and only one values of w, 
then w is called a single valued function of z. e.g. w = 1/2 (z #0) is a single valued function. 
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1.1.10 Multivalued Function: If to each value of z there corresponds more than one value of w, then w 
is called a multivalued function of z. e.g. w’ = z is multivalued function of z, because w assumes two 
values for each value of z except at z = 0. 


1.1.11 Bounded Function: A function f(z) is said to be bounded in domain D if there exist & > 0 such 
that |f(z)| <k, for all z in D. If f(z) is continuous in a bounded closed region D, then it is bounded in 
domain D. 


1.1.12 Limit of a Complex Function: Let D be the domain of the function in complex plane where 
functions f(z) is defined. Let zp be any point in D, the function f(z) is said to converge or tend to the limit 
/ as z tend to zy in any manner in D, if for any ¢> 0 however small there exist 6> 0 depending upon ¢ 
and zo such that 


f(2)-]] ae, whenever|z — z,| <oé. 
Where z is other than zy) and we can also write 
lim f(z)=/ or f(z) > las z>z,. 
1.1.13 Continuity of a Complex Function: A complex function w = f(z) defined in the bounded closed 


domain D, is said to be continuous at a point z = zo of D, if given any positive number ¢, we can find a 
positive number 6 such that 


Wf —fZo)| < & whenever |z —zo| < 6. 
We can also write lim f(z) = f(z) 
ZZy 
This means that for continuity at a point, the limiting value and the functional value at the point have the 
same value. A function f(z) is continuous in a domain D if it is continuous at every point of D. If a 


function is not continuous at zo, then we say that function is discontinuous at zo or Zo is the point of 
discontinuity. 


1.1.14 Remark: If f(z) is continuous at zy), then it can be easily shown that 
lim f(2)= f() 


> tlm u(x =u lim v(x =v 
(%y)>& 9.9) (x,y) © (xy) o.90) (*59) = Yo 


where /(Zo) = uo + ivo. This adds the information that the component functions u(x, y) and v (x, y) are 
also continuous at Z9 = (xo, yo). 


1.1.15 Remark: If the function /(z) is continuous, so are |f(z)|, f (z) and f(z). Suppose that fand g are 
continuous functions at the point zp, then the following functions are also continuous at zo. 

(i) SZ) + g(z) (iit) f(z) — g@) 

(iii) f(z).g(z) (iv) f(z)/g(z), provided g(zo)#0 . 


1.1.16 Example: Show that the following functions are continuous everywhere in complex plane 
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(i) f2=l|2z) Gi) f@=z. 
Solution. (i) Here f(z) = |z| 
Consider fz) —f(Zo)| = |Iz|-Izo| 
<|z—z| <g whenever |z —z9| <e= 6 [-- |la|- |b|| S|a—]] 
Therefore, f(z) is continuous at z = Zo. 
(ii) Here fiz) = 2 
Consider f(z) —f(zo)| = | 2-2, |= [2-20 [|Z] = lel] 


<é, whenever |z—z9| <é= 6. [By taking ¢= 6] 
Therefore, f(z) is continuous at z = Zo. 


1.1.17 Uniform Continuity: A function //z) is said to be uniformly continuous in domain if for any 
é> 0, however small there exist a 6 > 0 depending upon ¢ and independent of zp belonging to D such 
that 


| f(z)-f (z,)| <é whenever \z — 25 <6, where z is different from zo, 


1.1.18 Differentiability of a Complex Function: Let f(z) bea single valued complex functions 


defined in a domain D of the complex plane. We say that /(z) is differentiable at a point zp € D if the 
F(Z) — f (Zo) 


Z—Zy 


increment ratio tends to a finite limit as z tends to z) in any manner, provided that z 


always remains a point of D. This finite limit, if exists, is termed as the differential coefficient or the 
derivative of f(z) at z= zp and is denoted by f'(Zo).Thus, 


fim 0+ H= P(e) 


In other words, let f(z) be a function defined in some domain D containing the neighbourhood of a point 
f (Zy + Az) — f (Zo) 
Az 
unique limit (finite) as Az > 0 along any path of the domain D, and this unique limit is called the 

derivative of f(z) at z= zo and is denoted by f'(z,).Thus, 


eae f (2 +Az)-f (2) 


Az>0 A Z 


= f'(20) 


zo. Then f(z) is said to be differentiable at z = z, if the increment ratio tends to a 


Moreover, we drop the suffix from zy and usually write 


a f(z+Az)-f(z) 


Az>0 AZ 


For w = f(z), let. w + Aw = f(z + Az).Then, 


= f'(z)= lim 2 


Az—>0 A Z 
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= lim f(e+Az)—f() ; 
Az—>0 Az 


If we get different values of this limit as Az — 0 from different points of D, we say that the derivative 
of f(z) at any z € D does not exist and the function f(z) is said to be non-differentiable at z € D. 


We can also put our definition of differentiability more precisely as follows: 


The function f(z), defined and one valued in a domain D of the complex plane, is said to be 
differentiable at a point zp € D if there exists a definite number / (say) with the property that given any 
positive number ¢, we can find a positive number 6 (depending on ¢) such that 


f(2)-f (20) 


2-2, 


-ll<eé 


for every z € D in the neighbourhood of zp defined by |z — zy | <& When this is the case, we call / the 
derivative or differential coefficient of f(z) at z) and denote it by f'(zo). 


If fis differentiable at each point of D, we say that fis differentiable on D. We observe that if f 
is differentiable on D, then f'(z) defines a function f': DC. If f is continuous, then we say that fis 
continuously differentiable. If f' is differentiable, then fis said to be twice differentiable. Continuing in 
this manner, a differentiable function such that each successive derivative is again differentiable, is 
called infinitely differentiable. It is immediate that the derivative of a constant function is zero. 

1.1.19 Theorem: Every differentiable function is continuous. 


Proof: If fis differentiable at a point zjin D, then 


f(2)-F (20) 


f (2) = lim exists finitely. 


Consider 
tin.) P(e) = in| LEE LE in 2, 
= f'(z)).0=0 


i.e. lim f(z) = f(z,). Hence, f(z) is continuous at Zo. 
ZZ 
1.1.20 Remark: Converse of the above theorem is not necessarily true. 


1.1.21 Example: Consider the function f(z) = Z|’. This function is continuous in all finite region of z- 


plane but nowhere differentiable except at origin. 
Solution: Here f(z) = lz) =x +y 


= u(x, y) =x°+y’and v(x,y)=0. Clearly, f(z) is continuous everywhere because of the 
continuity of u(x, y) and v(x, y). Consider, 
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f'(Z) = lim EG), 2(00) 
iy P= 40) 
lef -lal’ _ 4. 22-2020 : 
= lim r=] ore | Fa =z. 
ZZ Z. _ Zo ZZ Z — Zo 


In numerator, adding and subtracting ZZ, 


Z.Z—Z.Z5 + Z.Z, — 2929 


f'(Z) = lim 


Z—Zy 


Z (Z—2Zy) + Z9(Z— Zp) 


= lim 
ZZ Z—Zy 
: SO, a SZ 

i OO) (1) 
ZZ Z—Zq 


If we put z—z, =r(cos@+isin@) then Z—Z,=Z—Zy =r(cos@—isin@). 


-i0 


So that 2720 . McosP ising) _¢  _ 5-2 _ co329-isin26 . 
z—z, r(cos@+isin@) e' 
Thus, equation (1) becomes 
f'(Z) = lim| 2 +2,(cos20 -isin20) | , where 0 =arg(z—2,) . (2) 


This last expression in (2) does not tend to unique limit as z—z, in any manner. Since this limit 
depends upon@. Therefore function is not differentiable at non-zero values of z. At zp = (0, 0) the 
expression on the R.H.S. of (2) becomes z which of course tend to zero with z and thus function is 
differentiable at zero (origin). 


1.1.22 Example: Consider the function f(z) = z. This function is obviously continuous but does not 
possess derivative. 


Solution: Since, by definition 


f(z) slim = tim" 


h>0 h h>0 hh 
If we write h =re’”, then 
' fs —2i0 
J'(2)= lime 
So, if 4 — 0 along the positive real axis (9 = 0), then f'(z) = J and if h — 0 along the positive 


imaginary axis(@ = 7/2), then f'(z)=—-1. Hence /f'(z) is not unique and it depends on how h 


approaches zero. Thus, we find the surprising result that the function f(z) = z is not differentiable 
anywhere, even though it is continuous everywhere. 
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1.1.23 Example: Find f'(z) , where f(z) = 2° + 27° +7. 


f(ztAz)— f(z) _ [(z+ Az) +2(z4+Az) +i]-[22+227+ i] 
7 Az 
= 32° + 42 +3zAzt+2Azt+ (Az) 


Solution. Consider 


Taking limit Az > 0, we get 
f'(z) = 32° + 42 
By ¢ 6 method, for given ¢ >0, we must find 6 > 0 such that 


f (z+Az)- f(z) 


Az #2) 


<é whenever |Az|<o . 


Consider 


eaaaen : 


—f'(z) 32° +4z4+3zAz+2Az+(Az) —(32” +4z) 


Az 


=|3z+2+Az||Az| 
Restricting | A z| < 1, we observe that 
Sa. 2 te AZ SS lz oe A 
< 3(1 + |z|). 


é 


If we choose 6= min, 1, 
3(1+ |Z) 


| then f(z) is derivable at z € D. 


1.2 Analytic Function: Let D be an open set in C. A function f: D — C is analytic (holomorphic) in D 
if f(z) is differentiable at each point of D. Here, it is important to stress that the open set D is a part of the 
definition. 


Equivalently, a function f(z) is said to be analytic at z = zo if f(z) is differentiable at every point 
of some neighbourhood of Zo i.e. f(z) is said to be analytic at z = zp if there exist a neighbourhood 
|z—zo|< 6 at every point of which f '(z) exists. We observe that f(z)= |z — zo|’ is differentiable at z = zp 
but it is not analytic at z = zp because there does not exist a neighbourhood of ‘zq’ in which |z— zol” is 
differentiable at each point of the neighbourhood. 


If in a domain D of the complex plane, f(z) is analytic throughout, we sometimes say that f(z) is 
regular in D to emphasize that every point of D is a point at which f(z) is analytic. Further, if f(z) is 
analytic at each point of the entire finite plane, then f(z) is called an entire function(regular function). 
A point where the function fails to be analytic, is called a singular point or singularity of the function. 


The set (class) of functions holomorphic in D is denoted by H(D). The usual differentiation 
rules apply for analytic functions. Thus, if f g € H(D), then f+ g € H(D) and fg € H(D), so that H(D) 
is a ring. Further, superpositions of analytic functions are analytic, chain rule of differentiation applies. 
Thus, if f and g are analytic on D and Dj, respectively and fD) C Dj, then gof is analytic on D 


and (gof )'(z) = g'(f(2)f'(z) for all z in D. 


Complex Analysis 


1.2.1 Example: Show that f (z) =z isnot analytic anywhere. 


Solution: Here, f(z) =z. 


6z>0 OZ 
xtiyt+dxt+idy—x+iy 
6x>0,d5y>0 Ox + idy 


x-iy+d6x-idy-—x+tiy 
dx>0,5y0 Oxt idy 
- | Ox—-idy 
dx-0,6y0 Ox + idy 
Ox 


If dy =0 then f'(z)= lim —=1. 
x! XxX 


If 6x=0 then f'(z) - jim 22) =-1. 
veo 1 y 


Thus, f '(z) does not exist i.e. f(z) is not differentiable. Hence, f(z) is not analytic at anywhere. 


1.2.2 Exercise: Examine the nature of the function f(z) in a region including origin. 


2.2.5: . 
x x+i 
EOEUEED) ag 
f(z)=) xt+y 
0 ,z=0 
B15 - 2.6 a) 2.6 
Solution: Here f(z=7 eee — tt “ 10 
x+y x+y x+y 
ey xy 
=> u= and y= 
xy? a 
By definition, 
z)-—f(0 Z 
fii IO Fe) 
z>0 Zz z>0 Z 
205 ° Ded 
x x+i 
or ee Oe 


x0 4 + yl ‘(x +iy) x0 x7 4 y!? 


Let z— 0 along the path y = x, then 
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Again, let z >Oalong the path y’ = x” then 


a Pot 
(0) =lim i — 
f ( ) x0 x4 + x x0 2 2 


Thus, f '(0) is not unique, so f '(0) does not exist. Hence, f(z) is not analytic at z = 0. Consequently, f(z) 
is not analytic in a region including origin. 


1.2.3 Remark: The theory of analytic functions cannot be considered as a simple generalization of 
calculus. To point out how vastly different the two subjects are, we shall show that every analytic 
function is infinitely differentiable and also has a power series expansion about each point of its domain. 
These results have no analogue in the theory of functions of real variables. Further, in the complex 
variable case, there are an infinity of directions in which a variable z can approach a point zy, at which 
differentiability is considered. In the real case, however, there are only two avenues of approach (e.g. 
continuity of a function in real case, can be discussed in terms of left and right continuity). 


Thus, we notice that the statement that a function of a complex variable has a derivative is stronger than 
the same statement about a function of a real variable. 


1.2.4 Cauchy-Riemann Equations: Now we come to the earlier mentioned compatibility relationship 
between the real and imaginary parts of a complex function which are necessarily satisfied if the 
function is differentiable. These relations are known as Cauchy-Riemann equations (CR equations). We 
have seen that every complex function can be expressed as f(z)=u(x, y)+iv(x, y), where u(x, y) = u and 
v(x, vy) = v are real functions of two real variables x and y. We shall denote the partial derivatives 
Ou Ou Ou Ou Ou 
ax’ dy’ x?’ dy’ Axdy 


bY Ux, Uy, Uxx, Uyy, Uxy TeSpectively. 


1.2.5 Theorem: (Necessary condition for f(z) to be analytic). If a function f(z) = u(x, vy) + iv(x, y) is 
differentiable at any point z, =x, +i, in a domain D, then the four partial derivatives ux, uy, Vx, Vy exist 
and satisfy the equations u, = v,and uy = -Vy. 


Proof: Since f(z) = u(x, y) +iv(x, y) is differentiable at any point zo in D, 


f'(%)= tim £(2)-F (0) | 


22g Z—Zy 
exists finitely and uniquely as z — z, in any manner. 


Suppose z— z,in such a manner that z— z,is purely real i.e. along x-axis. So, let zp = x9 tivo and 


z =x + iyosuch that z— zo = x + iyo —xo — ivo = x — Xo= real 


Also if z—>z,then x > x). 


Now f'(z))= fom 2 (2) —F (20) 


Z Zo Z— Zo 


(1) 
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= li 
ZZ X— Xo 

aiid [ u(x, ¥9) + iv(x,%) ]-[u (05 ¥0) +#(%0 Ho) | 
XXq X— Xp 

_ him Meo) = Yo) , fom oe 2e) Vo» Yo) (2) 
XX q xX — Xo XXq xX — Xo 


If we assume that the function is differentiable then this expression must tend to a unique limit 
as x — x,. Thus, real and imaginary parts of the expression must tend to unique limits. This is equivalent 


aes ; .. Ou Ov, 
to the statement that partial differential coefficient oe and ae exists at the point (xo, yo) or zo. Hence, 
x x 


we get 
f'(z)=—+i— (3) 


Similarly, let us take the mode of tending of z to zg such that z — zp is purely imaginary (i.e. along y- 
axis). By taking zo = x9 tivo and z = xo + iy. Therefore, z — zp = i(v — yo) = purely imaginary. 


Also if z—>z,then y— y,. Now, 


f'(2)= tim 2(2)—F (20) = tim Lif (02) +1 (%009) JL 4 (or) +i7(%00¥)] 


oH £2 yon i(y—yo) 
yon i(y-y) i(y-y) 
_ in| nC) in| Mz) —e re) és 
vVo (y — Yo ) YV (y — yy) 


Proceeding as above we conclude that partial derivatives o and = exists at Zo or (xo, vo) and thus we 
Sa As 
get 
Ov .Ou 
fea Ge 5 
f(a)=o-1e (5) 


Since f(z) is given to be analytic therefore f'(z,) is unique derivative of f(z) at z = zp. So, comparing 
(3) and (5) and equating real and imaginary parts, we get 
Ou Ov Ov Ou 
= — an 


a de (6) 
Ox oy Ox Oy 


Le. u,= vand vy, = — u, oru,= — v,. 


The equations given by (6) are known as C-R equations. 
1.2.6 Remark: We have f(z) = u + iv which gives 
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Of _ Ou, ov Of _ Ou , ov 
dx Ox Ox’ dy Oy dy 


From these two results, C-R equations, in complex form, can be put as 

De NO 

ox iOoy 
(ii) We note that unless the differential equations (3) i.e. C-R equations are satisfied, f(z) = u + iv cannot 
be differentiable at any point even if the four first order partial derivatives exist. 
For example, let us take 

f@=Rez=x,z=x+t iy. 
Ou Ou Ov Ov 


Then i 0, 0, 0 
Ox Oy Ox Oy 


Thus, although the partial derivatives exist everywhere, C-R equations are not satisfied at any point of 
the complex plane. 


Hence, the function f(z) = Re z is not differentiable at any point. 


1.2.7 Remark: The conditions of the theorem (1.2.5) are not sufficient. Actually, C-R equations are 
useful for proving non-differentiability. They are not, on their own, a sufficient condition for 
differentiability. 


1.2.8 Example: We consider the function 
—\2 

(z) fz ee) 

0 ,z=0 


f(z)= 


Z=x+iy 


and show that f(z) is not differentiable at the origin, although C-R equations are satisfied at that point. 


Solution: By definition, we have 


fio Aim EO 


z>0 Z z>0 7 
2k? 

= lim |~* 

(xy) (0.0)| 3+ ey 


lif z— Oalong real axis 


= 4 lif z— Oalong imaginary axis 


—lif z— Oalong theline y = x 
Thus, f '(0) is not unique and hence f(z) is not differentiable at the origin. 


Now, to verify C-R equations, we have f(0)= 0 implies u(0 ,0)= 0, v(0 ,0)=0. 
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y —3x'y 


3 2 
From here, u(x, y) = ¥ 3" x,y) =" 2 
x+y x+y 


Therefore, at (0 ,0) 


u, =l,u, = 0,v, =0,v, = 1 Thus, C-R equations are satisfied at the origin. 


1.2.9 Example: Show that the function f(z) =| xy|,z=x+dy is not analytic at the origin, Although, 
C-R equations are satisfied at that point. 


Solution: Here, f(z)= |xy| = u(x,y)+iv(x,y) 


So that u(x,y)=J|xy| and v(x, y)=0 
Now, at z = (0, 0) 


= lim = lim—=0 
Ox x0 x- x30 x 
0,y)-u(0,0) |. 
Similarly, is =lim al ») HI ) = lim - 0 
Oy y>0 y- y>0 y 

And ae = OZ = 

Ox oy 
le. u,= v,andu,= — v,. 


Hence, all the four partial derivatives exist and satisfy C-R equations. 


(0) = tim B-FO) jim VI! = in NI! 


z>0 Z z>0 x+ iy x90 X+ iy 


Let z > 0, along the path y = mx. Then 


f'(0) =lim xvm___vm 


20 x(1+im) tim’ 


Since value of this limit depends upon m i.e. f '(0) is not unique. It means that f '(0) doesn’t exist and 


so f(z) is not analytic at z = 0. 


To make C-R equations as sufficient an additional condition of continuity on partial derivatives 
is imposed. 


1.2.10 Theorem (Sufficient condition for f(z) to be analytic): Suppose that f(z)= u(x, y)+iv(x, y) for z 
=x + iy is analytic in a region D, if the four partial derivatives u;, uy, Vx, Vy exists, continuous and satisfy 
Cauchy-Riemann equations at each point of D. 


Proof. Consider the point z = (x, y) in a region D. Let (x+ Ox, V+0 y) be the point in the neighbourhood 


Ee ene eC Ce eee ee ee en een ee eee Bien 

of point (x, y). Let w= f(z) =u(x,y)+iv(x, y),z=xtiy. 

Now, u=u(x,y) (1) 

and u+du=u(x+dx,y+Oy)  . (2) 
=> du =u(x+dx,y+dy)—u(x,y) 

Similarly, dv =v(x+6dx, y+dy)—v(x,y) 


Since u,,u,,v, and v, are continuous in a region G and we have by the mean value theorem for 


functions of two variables. 
b= (Mr }ora{ Mon ay, (3) 
Ox oy 


where €and 7 are small and tends to zero as Ox and dy tends to zero. 


Similarly, applying mean value theorem for v(x, y), we get 


bv-[ Sears a oy (4) 
Ox oy 
where €' and 7' are small and tends to zero as 6x and dy tends to zero. Now, using C-R equations 
Le. u, =v, andu, =— v, , we have 
bu+idv=( Hee lons ae sy +i{ Pee! )ax uae, oy 
Ox Oy Ox oy 
(S12 )ov4{ Hai lays (erierjoxe (rein joy 
-(# a tidy) +(etie')Ox+(y+in')dy (5) 
Ox Ox 
Now, by definition 
wae f (z+ 6z)- f(z) 
maar 
Out+idv 
= lim 
8&0 Ox+idy 
eS '\ 5 
p(2)=( Bri Ss tin oy (6) 
ox x) 520 Ox+idy 


Now 
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(ete )dx+(7+in')5y|_ (ll +le'I)lOxl+(ml +17" )ldy! 


Ox+idy 7 |Ox+idy | 
cleltle' lox! (7l+ia') ley! 
|dx+idy | |Ox+idy| 
(7) 
But the expression on R.HLS. of (7) tends to zero as Ox and dy tend to zero. Finally from (6), we get 
ou ,Oov 
EY a oe 


Which is finite and definite at every point of D. Hence, f(z) is analytic at every point of D. 


1.2.11 Theorem: Let u and v be real-valued functions defined on a region D and suppose that u and v 
have continuous first order partial derivatives. Then f: D — C defined by f(z) = u(x, y) + iv(x, y) is 
analytic iff wu and v satisfy the Cauchy-Riemann equations. 


1.2.12 C-R Equations in Polar Form: If f(z) = u + iv be an analytic function and z = re” , where u, v, 
r, @ are real, then the C-R equations are 


du _1 Ov Ou Ov 
and —=-r—. 
ar roe 00 Or 
Proof: In polar co-ordinates (r, 0), x =r cos 0, y =r sin @. Therefore, 


r=/e+y ,O=tant~ 
x 


Now, 


ou _ Ou an Ou 00 
ax ér ax 60 Ox 


1 Ou 
os0-— “sin 1 
70 (1) 


eee r 


Ou _ Ou Or | Ou 00 
Oy or a 00 oy 


_ Ou y _ Ou x 
Or Ix? + 00 x+y 
Ou 


=— sin nig ese (2) 
or r 0d 


1 
Similarly, ae =—cos0 a sind (3) 
Ox Or r 00 


and ind osé 
Oy Or ie 
Using CR equations as = cid with (1) and (4), a = Bers (2) and (3), we get 
Ox Oy Oy Ox 


ee. cos 0 — oI sind =0 
or roo or ro@ 


Ome ey: sin? + are cos0=0 
Or roo Or ro@ 
Multiplying (5) by cos @ and (6) by sin 8 and then adding, we find 


i.e Gees 


Again, multiplying (5) by sin 0 and (6) by cos @ and then subtracting, we have 
Ov lou _ 
—— + aE — 
or ro@ 

20 ee 
Or r 00 


Equations (7) and (8) are the required C-R equations in polar co-ordinates. 


0 


1.e 


1.2.13 Remark: We can express f '(z) in polar co-ordinates as 


Ou .Ov 
"(z)=— +i— 
f(z) Ox Ox 
BO say Dee Fn Pe Clary ys Me 
Or r0o@ Or r 00 


Ou .OVv Ou ov)... 
=| —+i— |cos0—| —+i— |isin@ 
Or Or Or Or 


=(c0s0-isin)( Si) 
r or 
(2 ay 
=e —+]— 
Or Or 


dw = ei? ow 
dz or 


1 oi Ow 


similarly, we get aan 
dz or 00° 
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(5) 


(6) 


(7) 


(8) 
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; .. dw 
1.2.14 Definition: A function w = f(z) =u + iv ceases to be analytic whenever re =0 ie. a =o, 
w IZ 
1.2.15 Exercise: For what value of z, the function w defined by z=e™’(cosu+isinw) ceases to be 


analytic. 
Solution: Here z =e’ (cosu +isinu) 


-—v iu iu-v i(ut+iv) _ iw 
e — 


Z=e e€ =e e 


Z=e 
=> logz =iw 
Differentiating, we have 
1 idw is dw = 1 


arr dz iz. 


dz : 
From here, w is not analytic only when an =0 Le. iz = 0 orz = 0. So function ceases to be analytic at 
Ww 


the origin. 


1.2.16 Theorem: A real function of a complex variables either has derivative zero or the derivative does 
not exist. 


Proof. Suppose that /(z) is a real function of complex variable whose derivative exists at z). Then, by 
definitions 


Let h = h, + ih>. If we take the limit h — 0 along the real axis, h = h; > 0, then f'(Z) is real (since f 
is real). If we take the limit / — 0 along the imaginary axis, h = ih) 0, then f '( zy ) becomes purely 
imaginary number, where fis real. So we must have f (zi) = (0. Further, in this case we also observe 
that if f(z) is analytic then, using C-R equations, we conclude that f(z) is a constant function. 
1.2.17 Example: Show that the function /(0) = 0, 
#(1+i)-y (1-i) 
vty 

x-y xrty 

= e4y Be x+y 


f(z)=utiv= 


3 


is continuous and that the C-R equations are satisfied at the origin, yet f (0) does not exist. 


Solution. We have 


xy oxty 


xy x+y? 


Uu 
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When z # 0, u and v are rational functions of x and y with non-zero denominators. It follows that they are 
continuous when z # 0. To test the continuity at z = 0, we change to polars and get 


u= r(cos°0 —sin’6), v= r(cos*0 + sin’0) 
each of which tends to zero as r — 0, whatever value 0 may have. Now, the actual values of u and v at 


origin are zero since (0) = 0. So the actual and the limiting values of u and v at the origin are equal so 
they are continuous. Hence, f(z) is continuous function for all values of z. Now, at the origin 


ou on 620) = (0,9) 


= li 
Ox x0 x 
3 2 
gg ee 
x>0 x 
Silat Sel a Sh 
0 oy 


Hence, C-R equations are satisfied at the origin. 


Again, f(2)= tim =) 
zZ> Z 
fg lee) 
aa xOEY x+iy 


If we let z — 0 along real axis (y = 0), then f'(0) SSE ts 


If z0 along y = x, then f'(0)= ee 
1+i 
Thus f (0) is not unique and hence f(z) is not differentiable at the origin. Similar conclusion (as for 


example 1.2.17) holds for the following two functions 


Ls (27) 


(i) f(z)=utiv=) |zP eal 
0 ,z=0 
2 

(ii) f(z) =utiv= igen 
0 ,z=0 


1.2.18 Milne Thomson Method: By this method we can construct an analytic function, when we know 
its either real or imaginary part. Since, we have 


Z+Z  z-Z 
x= ,¥ =—— wherez=x + iy. 
Z 2i 


Therefore, f(z) =u (x,y) a iv(x, y) 
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Equation (1) can be regarded as a formal identity in two independent variables z and z. Now, by 
setting x =z and y = 0so that z=z . We have 


f(z) =u(z,0)+iv(z,0). 


Now, if f(z) is analytic, then we have 


fi(z)= Ou. Ov 


ax Ox 


Ou .O 
Hi [ou =] 


Hence, if we write 


Then, 
f'(2)=9(%¥)-v(xy) 
= (2,0) -iy(z,0). 
Integrating w.r.t. z, we get 
f= |[¢(2.0)-iy (z,0) dz +c, ¢ being a constant. 


Thus, we can construct f(z) if u(x,y) is known. 


Similarly, if v(x, y) is given, then we have 


f(2)= [[4 (2.0) +iy, (2,0) Jaz +¢,, 


0 ; : 
where ¢, (< y) and y, (x, y) denote ~ and = respectively and c, is some arbitrary constant. 
y x 


1.2.19 Example: Construct the analytic function of which real part is u (x, y) =e (xcos y-ysin y) 


Solution Here real part u(x, y) is known. By Milne-Thomson’s method, we have 
fe)= |[ 9(z.0)-iy (z,0) fiz +e (1) 
where, 6(z,0) = (2,0) andy (z,0)= 2 (2,0) 
Ox Oy 


OW... % : 
Now, aos [xcos y—ysin y+cos y] 
ra 
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Ou 
oy 
“. &(z,0) =e" (1+z)and y(z,0) =0 


=e*[-xsin y—sin y—ycos y| 


From (1), we obtain 


f(z) = [[(I+z)e -i(0) |dz+e 


[Integrating by parts] 
= sa + z)edz+c=ze +¢. 


1.2.20 Example: Construct an analytic function f(z) for u(x, y) = 4xy — x° + 3xy’. 


Solution: Since u(x, y) is given. By Milne-Thomson’s Method, we have 
fe) = |[ 6 (2.0) -iy (2,0) e+e (1) 
where ¢(z,0) = <(2,0)and y (2,0) 5 (20) 


Now, DUE yo aige +3y? 
Ox 


ae =4x+ Oxy 
oy 
“. ((z,0) =-3z° and y(z, 0) =4z 


From (1), we obtain 


f(z) = || -32? -i42 |de te=-z°-2iz’ +c. 


1.2.21 Exercise: 


(i) Find the analytic function f(z) = u + iv if u(x, y) =log Jx? + y’. 

(ii) Find analytic function whose imaginary part is v = e'(x sin y + y cos y). 

(iii)Show that the function u (x, y)= e'cos y is harmonic. Determine its harmonic conjugate v(x, y) 
and the analytic function f(z) = u + iv. 

(iv) Show that u (x, y) = e°(x sin y - y cos y) is harmonic and find v(x, y) such that f(z) = u +iv is 
analytic. 


1.2.22 Example: Show that the function /(z) =e7 (z # 0) and f(0) = 0 is not analytic atz=0, 
although C-R equations are satisfied at origin. 
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= : [x4 +y4-6x7y" —4ix'y+4iny’ | 


—[x*+y4-6ry?] |4in(?-»")] 
=e’- e 


Ef xtayt—ox?y?] Aixy(x? -y’) Aixy(x° -y’) 
S 


=e’ co +isin 
r r 
Hence, at origin we have 
p) 0 — 0, 0 . ca : 
BU ji (220) 4 (0,0) Sn = hi 
Ox x0 x-0 x20 x x0 = 
xe* 
= lim ! = lim : =O 
x0 1 1 x0 1 
[leet] ea ee 
Similarly, a = ja =0 and ad =0 
Oy Oy Ox 


Hence, C-R equations are satisfied. 


To show that f(z) is not analytic at origin, we have 
li =lime* 
0 f ( z) z0 . 


Let z—>0 along the path z=re? so that r>0as z—>0 


lim f (z)=lime” *" 


z>0 r>0 


: mt : \/r4 
=lime’ =lime’” =e” =00 


r>0 r>0 


It shows that lim f (z) does not exist means f(z) is not continuous at z = 0. Therefore, f(z) is not 
differentiable at z = 0. Hence, f(z) is not analytic at z = 0. 
1.2.23 Theorem: Real and imaginary parts of an analytic function satisfy Laplace equation. 


Solution. Let f(z) = u + iv be an analytic function so that C-R equations u, = v,, u, =—v, are satisfied. 


y * 
Differentiating first C-R equation w.r.t. x and second w.r.t. y and adding, we get 
Oru " Ou dv _ dv 
Ox? Oy’ axdy dyéx 


Where continuity of partial derivatives implies that the mixed derivatives are equal i.e. v,, =v,, . Hence, 
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we get u,, +u,, =Oie. Vu =0. 
Similarly, differentiating first equation w.r.t y and second w.r.t x and then subtracting, we find 


Ou Ou Ov dv 


= = + 
Oyéx Oxdy Ox? Oy 


. _ . 2 = 
1G: v,, tv, =Oie. Viv =0. 


1.2.24 Remark: C-R equations, in polar from, are 
1 1 


U,=—Vy,V, =——U, 
r A 


r 


Differentiating first equation w.r.t 7 and second w.r.t 0, we get 
ae an 


Vp, =U, +TU,,5V =~ 7 Moo 


Thus, using the continuity of second order partial derivatives, we get 


1 
U,, +Tu,, =—— Ugg 
r 
d 1 1 
Le. TMi teed) hte orgs Pace 
r r 


which is the polar form of Laplace equation. 


1.2.25 Definition: A real valued function u(x, y) of real variables x and y is said to be harmonic ona 
domain D c C , if for all points (x, y) in D, all second partial derivatives exist, continuous and satisfies 
Laplace equation. Thus, from the above theorem 1.2.23, we observe that u and v are harmonic functions. 
In such a case, u and v are called conjugate harmonic functions i.e. u is referred to as the harmonic 
conjugate of v and vice-versa where f(z)= u + iv is analytic. Harmonic functions play a part in both 
physics and mathematics. 


1.2.26 Definition: Two families of curves u(x, vy) = c; and v(x, y) = c2 are said to form an orthogonal 
system if they intersect at right angle to each other at each of their points of intersection. 


1.2.27 Exercise: If f(z) = u + iv is an analytic function in domain D then curves u(x, y) = c; and 
v(x, v) = c2 form two orthogonal families. 


Solution: Since f(z) = u + iv is analytic, so C-R equations are satisfied. Let m; = slope of tangent to the 
curve u(x, y) and m2 = slope of tangent to the curve v(x, y) . To prove that u(x, vy) = c; and v(x, vy) = c2 
form two orthogonal families. It is sufficient to show that m; m2 = -/. 


Differentiate u(x, vy) = c; and v(x, vy) = c2, we have 


Ob pa CE Fo (1) = and eh (2) 
ox Oy Ox oy 


x 


dy _—Ou/Ox _u 


RO ae a 


y 
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From (2), m, = “ eh oe [using CR equation] 
x, u, 


Hence, m; m2 = -/. 
1.2.28 Exercise: Prove that u (a y) =e (xsin y—ycos y) is harmonic and find the conjugate harmonic 


function v(x, y) such that f (z) =u-+iv is analytic. 


Solution: Here u(x, y)=e *(xsin y—ycos y) 


2 
<= (-2sin y-+xsin y—yeos y) (1) 
x 
2: Gy eee : 
Similarly, oar e*(2sin y—xsin y+ ycos y) (2) 
sg 


From (1) and (2) 
2 2 
a + ae =0. 
Ox” Oy 
Thus, u(x,y) is harmonic. 


Now, again u(x, y) =e“ (xsin y— ycos y) 


(x,y) = =e*(sin y—xsin y+ ycos y) 
ne 


y (x,y) te (ysin y+xcos y—cos y) 


Now, by Milne Thomson Method, 
"(2) =0(2.0)-i (2.0) 
= 0-i(ze* -e*) = -i(ze* -e*) 
=f (z) =-i|(ze~ —e* \dz=ize* +C 
Now, if we write f (z) =u(x, y)+iv(x, y), then we get u(x, y)+iv(x, y) =ize* +c 
=> e™*(xsin y—ycos y)+iv(x, y) =ize* +c 


=> iv(x,y) =ize* —e™* (xsin y—ycosy)+ce 


iv(x,y)=i(xtiy)ee) —e* (xsin y—ycosy)+c 
=ie* [ xe” +iye” +i(xsin y—ycos y)| +¢ 
=ie™* [ x(cos » isin y) + iy(cos y—isin y)+i(xsin y—ycos y) | +¢ 
=ie*|xcos y—ixsin y+iycos y+ ysin y+ixsin y—iycos y]+c 
iv(x,y) =ie™* (xcosy+ysiny)+c 
=> v(x, y) =e*(xcosy+ ysin y) pe 
i 
Since v(x, y) is a real function of real variables x and y therefore c must be of the form 
some real constant. 
1.2.29 Example: Find the analytic function f(z) = u + iv where 


2sin x sin 2x 


~ e 46" —2c082x cosh2y—cos2x 
Solution: Given f(z) = u + iv 


2sin x 
u+Vv= > 
e’? +e” —2cos2x 


=> if (z)=iu—v [By (1)] 
Adding (1) and (3), we have 
(1+i) f(z) =(u-v)+i(u+y) 
Let u—v=U and u+v=V then 
(1+i) f(z) =F(z)=U+iV ,where z=u+iv 
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c'i where c' is 


(1) 
(2) 
(3) 


Since f(z) is analytic so F(z) is also analytic. Now, from Milne Thomson Method, we have 


F'(z) =U, +iV, =V,+iV, [By C-R equation] 
= ¢,(x,y)+i¢, (x,y) 


= F(z)=|(¢(4,0)+i9, (2,0) az +e : 


OV _ —2sin2xsinh2y 
dy (cosh2y—cos2x) 


In the present case ¢, (x,y) = 


OV _ 2cos2x(cosh2y—cos2x)—2sin* 2x 
Ox (cosh 2y —cos 2x)’ 


Hence, F(z) =(1+/) f(z) 


¢, (x,y) = 
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= |[4(z.0)+i9, (z,0) kiz+e 
: dz 
ee eer oe 


az 
=-i| ——te 
sin’ z 


=-i[cosec’zdz +c =icotz +c 


Cc 


= f(z)=—ootz +e’ Os 


i(1-i) 


¢. bti ; 
= ———cotz+c =—cotz+c'. 
2 2 


1.2.30 Example: Show that an analytic function with constant modulus is constant. 


Solution: Let f(z) = u + iv and |f(z)| = constant = c(say) 


We have 
. {2 2 
lu +iv| =C 
> wWwiweac 


Differentiating partially w.r.t. x, we have 
u—+v—=0 (1) 


Similarly u OE eg (2) 
Oy oy 


Using C-R equation v, = u, and v= — u, in (2) and (1) respectively. We get 


u——v—=0 (3) 


and u—+v—=0 (4) 


Multiply (3) by u and (4) by v and add 


Ou 


(u’ +v )= =0, 
Ox 
But u?+v? #0. Therefore, ae =0. Similarly a = g@ =0 and is = 
Ox Oy Ox Oy 


Thus, all the four first order partial derivatives of u and v are zero. Therefore, function u and v are 
constant and hence f(z) is constant. 
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1.3. Power series. An infinite series of the from 
(i) >0 4,2" or (ii) a, ( Z—Zy). 
n=0 n=0 
where dy, Z, Zo are in general complex, is called a power series. Since the series (ii) can be transformed 
into the series (1) by means of change of origin, it is sufficient to consider only the series of type (1). 
1.3.1 Some Tests for convergence of series: 


(i) If series yu, is convergent, then limu, =0. 
n=0 


Una 


Uu,, 


<lor>l. 


(ii) Ratio Test: The series yu, is convergent or divergent according as lim 


n> 
n=0 


/n i - : . 3 
=/, then the series ie is convergent or divergent according as 
n=0 


(i1i)Cauchy 


1<Jor/> / and test fails if / = / 


(iv) P-Test: The series Si is convergent if p > / and divergent if p </. 


n=0 1 


(v) Comparison Test: ye: is absolutely convergent if |uv,,| <|v,| and ye is convergent. 
n=0 n=0 


1.3.2 Theorem: The power series giz 
n=0 
(i) Converges for every z, 
(11) Converges only for z = 0, 
(111)Converges for z in some region, in the complex plane. 


Proof: We give an example of each case 


z” n n+l 


(i) The series ye — converges absolutely for all values of z. We have u, = 7 andu 


oh ln nd 


z” Intl 
|n oa 


So, by D-Ratio test the series is absolutely convergent for all values of z. 


n+l n+l 


=lim 


=o>] 
a 


= lim 


n7>o 


= lim 


no 


lim| = 


n>o 


Zz 


(11) The series > |n2” converges only for z = 0 


n=0 


lim|nz" = 


n->o 


00 if z#0 
0 if z=0 


Hence, series is not convergent for z #0. 
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(111) The geometric series Siz" converges for |z| < / and diverges for| z |>1. 
n=0 
1.3.3 Theorem: Power series converges for a particular value zo of z, then it converges absolutely for 
every z for which |z| < |zo]. 


foe) foe) 
Proof: Since > az converges for a particular value zp, Therefore, az converges then its n” term 
n=0 n=0 


a,Z, must tends to zero as n >. So we can find a number M > 0 such that 


n 
Z 
|a,Z5 |<™M_, for all n. Therefore, |a,z”" |< M|—| . 
Zo 
n 
: ‘ 4] Z F 
Since |z| < |zo|. Therefore, series ee converges for all values of z for which |z| < |zo|. In 
n=0 Zo 


otherwords, Yaz" converges absolutely for all z, for which |z| < |zo|. 
n=0 


1.3.4 Circle of Convergence: The circle |z| = R which includes all the values of z for which the power 


ioe) 

series az converges is called the circle of convergence of the series and the radius R of this circle 
n=0 

is called radius of convergence of the series. 


1.3.5 Theorem (Cauchy-Hadmard Theorem): The series)” a,,2" , there exist a number R, radius of 
n=0 


convergence of power series, converges for |z| < R and divergence for |z| > R. 


a,z'|is convergent. But the series 


Proof: The series Yaz is absolutely convergent if the series > 


n=0 n=0 
ioe) 


n=0 
applied to this series. Thus, if we apply Cauchy Root Test we see that power series is absolutely 


a 


n 


z" is a series of positive terms. Hence, all the tests for convergence of positive terms can be 


. . n . n | a ¥ 5 
convergent if lim|a, i" |z|<1. If we put lim|a, |" oe Note that the series is absolutely convergent if 
no n->o 


le i.e. |z| < R and the series is divergent if re i.e. |z| > R. Hence proved. 


1.3.6 Remark: The radius of convergence of the power series using ratio test or Cauchy’s root test, is 
given by the formula 


a 
* mt; ‘ 
R=lim|a, |" = lim} 
no NO) 
n+l 
eZ. . {a 
or —=lim|a, |” = lim|2# 
R n> a n>o| q 
n 
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The number R is unique and R=©9 is allowed, in that case the series converges for arbitrarily large [z|. 

Also this is known as Hadmard’s formula for the radius of convergence and hence the above theorem 

can also be stated as “The power series ae converges within and diverges outside the circle of 
n=0 


7 5 -I/n : : idee 
radius R= lim|a, | which has its centre at the origin.” 
no 


1.3.7 Theorem: Let Yaz be a power series and let >i na,2"" be the power series obtained by 
n=0 n=l 

differentiating the first series term by term then the desired series, has the same radius of convergence as 

the original series. 


Proof: Let R and R' be the radius of convergence of the above given two series respectively. Then, 


1 2 l/n 
—= lim|a, 
R no 
l/n 
— = lim|na, hs = limn'” a, 
R' noo n> 


If limn'” =1, the result will be over. 


n>o 


To prove this, let n"”" =1+h, so that 


We obtain h, >0as n—> and therefore, limn"” =1. Hence R =R'. 
n>o 


1.3.8 Remark: Our interest in power series is in their behavior as functions. The power series can be 


ive) 
used to give examples of analytic functions. A power series rae with non-zero radius of 
n=0 


convergence R, converges for |z|< R, and so we can define a function fby f(z \= 0a, z"(|z|< R). The 
n=0 
function f(z) is called sum function of the power series. 


1.3.9 Theorem: The sum function f (z) of the power series Sa represents an analytic function 
n=0 


inside its circle of convergence. Further, every power series possesses derivatives of all order within its 
circle of convergence and these derivatives are obtained by term by term differentiation of the given 
power Series. 
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Proof. Let the radius of convergence of the power series by a,z" be R and let 
n=0 


f(z) ¥a,2",0(z) =S naz"! 


n=0 n=0 
The radius of convergence of the second series is also R. Suppose that z is any point within the circle of 
convergence so that |z| < R. Then there exists a positive number r such that |z| <7 < R. For convenience, 
we write |z| = p, |h| =e Then p < R. Also h may be so chosen that p+ e< R. 


ive} ive} 
Since }"a,z" is convergent in |z|<R, }\a,r" is bounded for 0 < r < R so that |a, 1"| < M where M is 


n=0 n=0 
finite positive constant. Thus, we have 


SS me a So Ey ao? oa 


h 


Ya ZF [ec erhe eae] 


<a, [erie ee 


<ul =] preset | 


n-1 


: e[(p+e)"-p"-np é 


eee p 


I 
Ms 
S 


= 

Ul 

o 
x 


n 2. 3 
Let us write s=E9( 2) -1.2+2{2 +3(4] to. 
r 


r 
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s{1-2)=24(2) + - 


pir p 
“l-p/r r-p 
or S= pr ; 
(r-p) 
Using the values of these sums, (2) becomes 
HEHE) gil AP ye 
é€|r-p—-é& r-p (r-p) 
Mre 


Hence, lim 


It follows that f(z) has the derivative ¢(z). Thus, f (z) is differentiable so that f(z) is analytic for |z| < R. 
Again, since the radius of convergence of the derived series is also R, so ¢(z) is also analytic in |z| < R. 
Successively differentiating and applying the theorem, we see that the sum function f (z) of a power 
series possesses derivatives of all orders within its circle of convergence and all these derivatives are 
obtained by term by term differentiation of the series. 


In other words, a power series represents an analytic function inside its circle of convergence. 


1.3.10 Example: Find the radius of convergence of the following power series: 


ee aimee a vey Se ([n) 2” 

1 — ll il 

? ae ( Davee ( 1d |2n 

: : Ae, Acre 1 
Solution: (i) Compare S — with Yas , a, =— 
n=0 n n=0 nN 
I/n 
Eee ("= lim |— ee een 
nyo NO) yy no oe) 
>R=0 


—n 


(ii) Here, a, = 


1+in? 
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I/n I/n 
a : 2 
—=lim|a, |'"=lim >| =m 
R n> n> 1 +in no hl + A 


= lim u 


n>o - 1/2n = lim 1/2n 
allen") a{nt(1 5) 
4 
nN 


1 i -1/2n l 
1+— =— 
no D7" [ n* 2 


=> R=2 
A n+1) |2n 
(iii) Here, a, ote), . Therefore, ne lim |“ = tim (att) Lan 
2 Rrra, | "> |2n+2/(|n) 
2 1+ : 
+1 +1 en 
ified ig pee 
noe (2n+2)(2n+1) *@2(2n+1) 9, +s | 4 
2n 
R=4 
1.3.11 Example: Find 2 for the following series: 
(z= 2i)" 


(a) 5 (3+4i)" z" (b) yore 
s $*(logn)' 2 @ 3 a ' 


1+2in 
Solution: (a) Here a, =(3+4i)’ 
I/n 
= =lim| a, "= lim|(3+i4)") ° =lim|3+74| = V9+16 =5. 
=> R=5 


2i n 
(b) Series is yi ta comparing with }'a,(z—a)’. 
n 


n=l 
Here a = 2i, which is the centre of the circle of convergence 


Ng 2 


n+l 
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36 
a FP ca tim — = 
R no] Gg noo y+] aa 
n 
Hence, R=1. 
(c) Here, a, =(logn)’ 


I/n 
Baa hee lim| (log) | = limlogn =o. 


>R=0 


V2n +i 


d) Here, a. = 
(a) "  14+2in 


1/2 


need 
ee ea 
= |“ = 
4n? +1 V2] 14 Z 
4n 


J2n+i 


1+2in 


n 


=> R=1 
1.3.12 Example: Find that the series 
ab  a(a+1)b(b+1) om 


J+— 
12e(e+l) 


has unit radius of convergence. 
Proof: Here, a. = a(a+l)...(a+n—-1)b(b+1)...(b+n-1) 
" 1.2..n.c(e+1)...(c+n-1) 


= a(a +1)..(a+n-1)(a+n)b(b+1)...(b+n-1)(b+n) 


: 1.2..n.(n+1).c(c+l)...(e+n-1)(c+n) 


n+l 


Ge Ge 
(HAS) 
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1.3.13 Example: Find the radius of convergence of the series 


13, : 1.325 2 


Z 
= Z 
2 2D 2.5.8 


1.3.5...(2n— =) 


Solution: Here, a, = 
228.. 


x 
1.3.5...(2n-1)(2n +1) 
“mst 9 '5.8...(3n—1)(3n +2) 


1 
2+ 
Gist ze nN o 1 =lim ntl | _ 2 
a, 342 Ks eg. |), 3 
n 
pee. 
2 


2 n 
ba +1 
1.3.14 Example: Find the domain of convergence of the series > n z ; : 
10 +i 


Solution: Consider the transformation z* =77 then, the series becomes 


im ey LY, (7 ) (say) 
Us _ (n+l) n+l PEt eg ia met) (147) 
U, n \1+i n+l n +i 


n 


ie. = |nt1|<V2 


1.8, |z7> +1 \<V2 which gives domain of convergence. 


1.3.15 Example: Examine the behavior of the power series 


> —; on the circle of convergence. 
nao Nl fioiay 
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1 
Solution: Here a, = : 5 and 4,,,, = 2 
n(logn (n+1)(log(n+1)) 
“Meh n(logn) = 1 7 1 
a, a er j 
n (n+1)[ log(n +1) | logn{ 1+ logn-+log{ 1+") 
1 n 
1+ [is 
n logn n logn 
- 42 
2 
ee! 1 ee ! 
7 1 1 
i log tee ete 1+ ; + 
n n n nlogn 2n’ logn 
Le 
logn 
2 = tim|“| =1 
R no a,, 
=>R=1 


The radius of convergence of the series is one and centre is at z = 0. 
For every point on the circle of convergence, we have 


n 


a = , on the circle |z| = 1 
n(logn) | n(logn) 

Also = is convergent by Cauchy condensation test. Hence, the given series > — is 
n(logn) n(logn) 


absolutely convergent for all z on the circle of convergence. 
1.3.16 Example: Find the domain of convergence of the following series 


‘ — (Hey 


i=l Zz 


(ii) (3) 


“0. 241 


: . hn wil : is 1.3.5...(2n-1) 
Solution: (i) Putting — = 7, the series becomes > 
Zz 


2 z (7-1) 


1.3.5...(2n-1) 
[n 


Here a, = 
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- bes: lim “+l = Jim i 
R no a,, no i 
n 
=>R= x 
2 
Now the domain of convergence is given by 
1 1 1 
Il<— ie. I< 
i | 2 Z 2 


or 2|1-z|<|z| 


=> 4\l-zP<|zP 


4| (1-z)(1-2) J<zz 
> a[1+2.2-z2-z]<zz 
=> 443.22-4(z+z)<0 


> z2-5(2+2)+><0 


= (-3G-5}G) #3 


> 


This represents a circle with centre at 4/3 and radius is 2/3. Thus, the series is convergent inside the 
circle. 


(ii) Take +() =u, (z) (say) 


n=0 
n 

2 iz—1 a Yoel | 

" \24+i u, 2+i 
: oe 
lim|—“| = lim|—— 
N3O) | aD 7 

~ im EEE tH _ [24] 


= lim ce 
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aie .o |Z+1 : : Sone 3 
Thus, the series is convergent if | la Le. | Z+i <5 .Therefore, the power series is convergent for 


V5 
all values of z which lie inside the circle of radius V5 and centre at z =—i. 
1.4. Multivalued Function and its Branches: The familiar fact that sin 6 and cos @ are periodic 
functions with period 2z, is responsible for the non-uniqueness of 6 in the representation z = \z|e” i.e: 2 
= re’. Here, we shall discuss non- uniqueness problems with reference to the function arg z, Jog z and 
z“. We know that a function w = f (z) is multivalued for given z, we may find more than one value of w. 
Thus, a function f(z) is said to be single-valued if it satisfies 


S(@=fEr, =) =flr, 0+ 27) 
otherwise it is classified as multivalued function. 


For analytic properties of a multivalued function, we consider domains in which these functions 
are single valued. This leads to the concept of branches of such functions. Before discussing branches of 
a many valued function, we give a brief account of the three functions arg z, log z and z’*. 

1.4.1 Argument Function: For each z € C, z 40, we define the argument of z to be 

arg z= [arg z] = {OER :z=|z\e”} 
the square bracket notation emphasizes that arg z is a set of numbers and not a single number 1.e. [arg z] 
is multivalued. In fact, it is an infinite set of the form {@+2nz: n € I}, where @ is any fixed number such 
that e”” = = . For example arg i = {(4n + I)a/2:n€ T} 

Also, arg(1/z) = {-0: 0 € arg z} 
Thus, for z;, z7# 0, we have 
arg(Z)Z2) = £0, + @2: 0; € arg z), 02 € arg z>} 


=arg Z] + arg Z2 


Z 
and arg| — |= arg Zz; —arg z2 
Zy 
eae - ; A) 
For principal value determination, we can use Argz=60, where z= |z| e°, -t <0 < a 


(or 0 <@<2z). When z performs a complete anticlockwise circuit round the unit circle, 9 increases by 
2a and a jump discontinuity in Arg z is inevitable. Thus, we cannot impose a restriction which 
determines @ uniquely and therefore for general purpose, we use more complicated notation arg z or [arg 
z| which allows z to move freely about the origin with 6 varying continuously. We observe that 


arg z= [arg z] = Argz+ 2nz,ne€l. 


1.4.2 Logarithmic Function. We observe that the exponential function e° is a periodic function with a 
purely imaginary period of 271, since 


Z+2ai _. 32  2ni Zz 2ni =| 


es exp(z+2ni) = exp z for all z. 


If w is any given non-zero point in the w-plane then there is an infinite number of points in the 
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z-plane such that the equation 
w=e (1) 


is satisfied. For this, we note that when z and w are written as z = x + iy and w = pe® (-a2 <¢ <7), 
equation (1) can be put as 


x+iy x iy 


eae tse e" = pe" (2) 
From here, e* = p andy = ¢ + 2nz,n € 1. 


Since the equation e* = = is the same as x = log. p= log p (base e understood), it follows that when  w 
= pe'* (-a < ¢ <n), equation (1) is satisfied if and only if z has one of the values 


z=logp+i(g¢+ 2na),neEl (3) 
Thus, if we write 
log w = log p + i(f + 2na), n ET (4) 


we see that exp (log w) = w, this motivates the following definition of the (multivalued) logarithmic 
function of a complex variable. 


The logarithmic function is defined at non-zero points z = re” (- <0 < x) in the z-plane as 


logz =logr+i(@+ 2nz), nel (5) 
The principal value of log z is the value obtained from (5) when n = 0 and is denoted by Log z. Thus 
Logz=logr +i @i.e. Log z = log |z| + i Argz (6) 
Also, from (5) & (6), we note that 
log z = Log z + 2nzi, ne I (7) 


The function Log z is evidently well defined and single-valued when z #0 . 
Equation (5) can also be put as 
log z = {log |z| + i0 : 8 € arg z} 
or [log z] = {log |z| + i0: 6 €fargz]} (8) 
or log z = log |z| + i@ = log |z| + iargz (9) 
where 6 = 0 + 2na, 0 = Argz. 
From (8), we find that 
log 1 = {2nzi, n € I}, log (-1) = {(2n+ 1) zi, n ET} 
In particular, Log / = 0, Log (-1) = 71. 
Similarly, log i = {(2n+1/2) i, n€ I}, log (-i) = {2n-1/2) ai, n€ [} . 
In particular, Log i = mi/2, Log (-i) = -i/2. 


Thus, we conclude that complex logarithm is not a bonafide function, but a multifunction. We have 
assigned to each z # 0 infinitely many values of the logarithm. 


1.4.3 Complex Exponents: When z 40 and the exponent a is any complex number, the function z“ is 
defined by the equation. 
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a logz“ _ alogz 


e“"** = exp(alogz) (1) 
Where log z denotes the multivalued logarithmic function. Equation (1) can also be expressed as 


w= 7! = pean) ‘Oe arg z} 


or Ea = fete!) - [arg z]} 


Thus, many valued nature of the function Jog z will generally result in the many-valuedness of z“. Only 
when ‘a’ is an integer, z“ does not produce multiple values. In this case z“ contains a single point z”. 


1 
When a = —, (n= 2, 3, ....), then 
n 


I/n id Vn 1/n i(0+2mz)/n 
w=Z  =\(re =r-e snel 


We note that in particular, the complex nth roots of +1 are obtained as 


2maxi/n 1 


w"=1>w=e ww =-low= 2" mm =0,1,..n-1 
for example, i’ = exp(-2i log i) = exp[-2i (4n+1)ni/2] 
= exp [(4nt+])a],neEl 


In should be observed that the formula 


b +b 
=x" x,a,b,ER 


an 
can be shown to have a complex analogue (in which values of the multi-functions involved have to be 
appropriately selected) but the formula x)“ x2“ = (x; x2)", x), x2, a € R has no universally complex 


generalization. 


1.4.4 Branches, Branch Points and Branch Cuts: We recall that a multifunction w defined on a set 
S <C is an assignment to each z € S of a set [w(z)] of complex numbers. Our main aim is that given a 
multifunction w defined on S, can we select, for each z € S, a point f(z) in [w(z)] so that f(z) is analytic in 
an open subset G of S, where G is to be chosen as large as possible? If we are to do this, then f(z) must 
vary continuously with z in G, since an analytic function is necessarily continuous. 


Suppose w is defined in some punctured disc D having centre a and radius R i.e. 0 < |z - a| < R and 
that f (z) € [w(z)] is chosen so that f(z) is at least continuous on the circle y with centre a and radius 
r (0<r<R). As z traces out the circle y starting from, say zo , f(z) varies continuously, but must be 
restored to its original value f(z) ) when z completes its circuit, since f(z) is, by hypothesis, single 
valued. Notice also that if z— a = R e””, where 0(z) is chosen to vary continuously with z, then 6 (z) 
increases by 2z as z performs its circuit, so that 9 (z) is not restored to its original value. The same 
phenomenon does not occur if z moves round a circle in the punctured disc D not containing a, in this 
case 6 (z) does return to its original value. More generally, our discussion suggests that if we are to 
extract an analytic function from a multi- function w, we shall meet to restrict to a set in which it is 
impossible to encircle, one at a time, points a such that the definition of [w(z)] involves the argument of 
(z - a). In some cases, encircling several of these “bad” points simultaneously may be allowable. 


A branch of a multiple-valued function f(z) defined on S c C 1s any single-valued function F(z) 


which is analytic in some domain D c S at each point of which the value F(z) is one of the values of f(z). 
The requirement of analyticity, of course, prevents F(z) from taking on a random selection of the 
values of f(z). 
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A branch cut is a portion of a line or curve that is introduced in order to define a branch F(z) of 
a multiple-valued function f(z). 

A multivalued function f(z) defined on Sc C is said to have a branch point at z) when z 
describes an arbitrary small circle about zo, then for every branch F(z) of f(z), F(z) does not return to its 


original value. Points on the branch cut for F(z) are singular points of F(z) and any point that is common 
to all branch cuts of f(z) is called a branch point. For example, let us consider the logarithmic function 


log z =logr + i@ = log |z| + iarg z (1) 
If we let a denote any real number and restrict the values of @ in (1) to the interval a <@< a + 2z, then 
the function 

logz=logr + id (r>0,a<@< at2z) (2) 
with component functions 

u(r, 8) = log r and v(r, 8)=0 (3) 


is single-valued, continuous and analytic function. Thus for each fixed a, the function (2) is a branch of 
the function (1). We note that if the function (2) were to be defined on the ray 8 = a, it would not be 
continuous there. For, if z is any point on that ray, there are points arbitrarily close to z at which the 
values of v are near to a and also points such that the values of v are near to a + 2z. The origin and the 
ray 0 =a make up the branch cut for the branch (2) of the logarithmic function. The function 


Logz=logr+i0(r>0,-2<0< a) (4) 


is called the principal branch of the logarithmic function in which the branch cut consists of the origin 
and the ray 6 = z. The origin is evidently a branch point of the logarithmic function. 


For analyticity of (2), we observe that the first order partial derivatives of u and v are continuous and 
satisfy the polar form 


1 1 


os Npir oop 


r r 


of the C-R equations. Further 


# (tog z)=e (u, +iv,) 


dz 
=p [2 +10) = au 
r re 


<(logz)==(|z =r > 0,0 <argz<a+2n) 
Z Z 


Thus, 


In particular 
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Further, since log Lee re z, © is also a branch point of Jog z. Thus a cut along any half-line from 
Zz 


0 to oo will serve as a branch cut. 


Now, let us consider the function w = z* in which a is an arbitrary complex number. We can write 
w= 74 = glosz" = et l82 (5) 


where many-valued nature of Jog z results is many-valuedness of z’. If Log z denotes a definite branch, 
say the principal value of Jog z, then the various values of z* will be of the form 


A goleatenm) = et l08? p2nmia (6) 


where log z = Log z + 2nzi, n€ I. 


The function in (6) has infinitely many different values. But the number of different values of z will be 
finite in the cases in which only a finite number of the values er. n EJ, are different from one another. 
In such a case, there must exist two integers m and m' (m'=m) such that 


ermam = german’ 2xia(m—m') =| 


or e 


Since e = / only if z = 2zin, thus we get a (m - m') = n and therefore it follows that a is a rational 
number. Thus z“ has a finite set of values iff a is a rational number. If a is not rational, z“ has infinity of 
values. 


We have observed that if z = re” and a is any real number, then the branch 
logz =logr + i0 (r>0,a<6@< at2z) (7) 


of the logarithmic function is single-valued and analytic in the indicated domain. When this branch is 
used, it follows that the function (5) is single valued and analytic in the said domain. 


The derivative of such a branch is obtained as 


“(2’) = [exp(a log z)| = exp(alog z= 


exp(alogz) 
= Aa—_—_ 
exp(logz) 


a-l 


= az 


= aexp [(@ —1)log z| 


As a particular case, we consider the multivalued function f(z) =z’? and we define 

2? = re”? r>0,a<0<at2an (8) 
Where the component functions 

u(r,0) =Vr cos0/2,v(r,0) = vr sin /2 (9) 


are single valued and continuous in the indicated domain. The function is not continuous on the line 0 
= a as there are points arbitrarily close to z at which the values of v (r, @) are nearer to Vr sina/2and 
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also points such that the values of v(r, 6) are nearer to —Jr sina/2. The functions (8) is differential as 
C-R equations in polar from are satisfied by the functions in (9) and 

' P| 
pr) =e" (u, +iv,)=e" [eos a/244 


1 
dz alr Vr 


sino/2| 


1 eile 1 
ar 971? 


Thus (8) is a branch of the function f (z) = z'? where the origin and the line @ = a form branch cut. 
When moving from any point z = re” about the origin, one complete circuit to reach again, at z, we 
have changed arg z by 2z. For original function z = re’, we have 


i0/2 5 i(O0+27)/2 : 
w=,/r e’~ and after one complete circle, w= ret)? — fre, 


Thus, w has not returned to its original value and hence change in branch has occurred. Since a complete 
circuit about z = 0 changed the branch of the function, z = 0 is a branch point for the function z’”. 


SECTION-JJ 


2.1 Complex Integration: 


Let [a, b] be a closed interval, where a, b are real numbers. Divide [a, b] into subintervals 

[a = to. Hb [hs ta) on [iets =| (1) 
by inserting n—1 points t, tz,..., ta-1 satisfying the inequalities 

a=)< 4 <b<...<t,,< t,= 0 


Then the set P = {to, ti,..., tn} 18 called the partition of the interval [a, b] and the greatest of the numbers 
ti— to, te- ti,..., tr- tn-1 is called the norm of the partition P. Thus, the norm of the partition P is the 
maximum length of the subintervals in (1). 


2.1.1 Arcs and Curves in the Complex Plane: 


An arc (path) L in a region G Cis a continuous function z(t):[a, b]— G for te[a, b] in BR. The are L, 
given by z(t) = x(t) + iy(t), t ¢ [a, b], where x(t) and y(t) are continuous functions of t, is therefore a set 
of all image points of a closed interval under a continuous mapping. The arc L is said to be differentiable 
if z'(t) exists for all t in [a, b]. In addition to the existence of z’(t), if z’(t) : [a, b]—>€ is continuous, then 
z(t) is a smooth arc. In such case, we may say that L is regular and smooth. Thus a regular arc is 
characterized by the property that x’(t) and y’(t) exist and are continuous over the whole range of 
values of t. 


We say that an arc is simple or Jordan arc if z(t;) = z(t2) only when t; = tz 1.e. the arc does not intersect 
itself. If the points corresponding to the values a and b coincide, the arc is said to be a closed arc (closed 
curve). An arc is said to be piecewise continuous in [a,b] if it is continuous in every subinterval of [a, b]. 


2.1.2 Rectifiable Arcs: Let z = x(t) + 1y(t) be the equation of the Jordan arc L, the range for the 
parameter t being to< t <T.Let Zo, z1,..., Zn be the points of this arc corresponding to the values to, ti,..., tn 
of t, where to< t) < to<...<t, = T. Evidently, the length of the polygonal arc obtained by joining 
successively zoand z), z; and Zp etc. by straight line segments is given by 


n 
Ln= 2 Iz, —Z,_1| 
r=] 


(x, +1), ) ~ (4 +p] ) 


— 


Il 
——~ 
bs 

< 
3 
LP 
—— 
+ 
os 
< 
2 
| 
< 
i 
a 


—_ 


Figure 1 
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If this sum 2, tends to a unique limit /<oo, as n— oo and the maximum of the differences t,— t,\(r =1, 
2,..., n) tends to zero, we say that the arc L defined by z = x(t) + iy(t) is rectifiable and that its length is 
l. In this connection, we have the following result. 


T i 
“A regular arc z = x(t) + iy(t), to< t <T is rectifiable and its length is J [(x(t))* + (y(t)* Vat ” 
t 


0 


2.1.3 Contours: Let PQ and QR to be two rectifiable arcs with only Q as common point, then the arc PR 
is evidently rectifiable and its length is the sum of lengths of PQ and QR. Thus, it follows that Jordan arc 
which consists of a finite number of regular arcs is rectifiable, its length being the sum of lengths of 
regular arcs of which it is composed. Such an arc is called contour. Thus a contour C is continuous 
chain of finite number of regular arcs. i.e. a contour is a piecewise smooth arc. 


By a closed contour, we shall mean a simple closed Jordan arc consisting of a finite number of 
regular arcs i.e. contour is closed and does not intersect. Clearly, every closed contour is rectifiable. 
Circle rectangle, triangle, ellipse etc. are examples of closed contour. 


2.1.4 Simply Connected Region: Aregion D is said to be simply connected if every simple closed 
contour within it encloses only points of D. In such a region every closed curve can be shrunk 
(contracted) to a point without passing out of the region (Figure 2). If the region is not simply connected, 
then it is called multiply connected (Figure 3) 


Simply connected region (Figure2) Multiply connected regions (Figure3) 


2.1.5 Riemann’s Definition of Complex Integration: First, we define the integral as the limit of a sum 
and later on, deduce it as the operation inverse to that of differentiation. 


Let us consider a function f(z) of the complex variable z. We assume that f(z) has a _ definite 
value at each point of a rectifiable arc L having equation 


z(t) = x(t) + iv), toSt ST. 


We divide this arc L into n smaller arcs by points Zo, Z1, Z2,..., Zn—1, Zn (= Z, Say) which correspond to 
the values to< t7< t2,..., <tn_s<t, (= T) of the parameter t and then form the sum 


n 
Df ee) Ge Set) 
r=1 
where €, is a point of L between z,_; and z,. If this sum = tends to a unique limit I as noo and the 


maximum of the differences t,— t,_; tends to zero, we say that f(z) is integrable from zo to Z along the arc 
L, and we write 


T=] f(z) a. 
L 


The direction of integration is from zp to Z, since the points on x(t) + iv(t) describe the arc L in this 
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sense when tincreases. 


2.1.6 Remarks: 


(i) Some of the most obvious properties of real integrals extend at once to complex integrals, 
forexample, 


[Lf (z)+ g(2)ldz =] F(z)ae+] g(z) dz, 
L 


L 
| Kf (z)dz=KJ f(z)dz, K being constant, 
L L 
J f (z)dz=-J f (z)az, 
L' L 
where L’ denotes the arc L described in opposite direction. 


(11) In the above definition of the complex integral, although zo, Z play much the same parts as the 
lower and upper limits in the definite integral of a function of a real variable, we do notwrite 
‘— e f(zjdz 
This is dictated essentially by the fact that the value of I depends, in general, not only on the 
initial and final points of the arc L but also on its actual form. 


In special circumstances, the integral may be independent of path from Zp to z as shown in the following 
example. 


2.1.7 Example: Using the definition of an integral as the limit of a sum, evaluate the integrals 
(i) dz (ii) J|dz| (iii) [zdz 
L L L 


where L is a rectifiable arc joining the points z = a and z= B. 
Solution: We first observe that the integrals exist since the integrand is continuous on L in each case. 
(i) By definition, we have 
. n 
Jdz= lim > (z,-z,_1) 
L NDYOyr=] 


= lim [21 Zo Zo =a tt zy —Zn-1| 
no 


= lim (z, -29)=f-a@. 
no 


(ii) f|dz|= lim ¥|(z, -z,-4)| 
L 


= 
= lim [|z1 —zo|+|zp —2|+...+|Zp —Z,-1| | 
no 


= Arc length of L= ¢ (say) 
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(ii) LetI={zdz= lim ¥ (z,-z,.4)é. (1) 


L NS p=] 
where €, is any point on the sub arc joining z,_; and z,. 


Since €, is arbitrary, we set €, = z, and &-1 = Z,-1 successively in (1) to find 


I= lim > Zi (2, —Zp-1) 


n>o r=l1 


n 
T=lim > ya 2y —Z,-1). 


n>o r=l1 


Adding these two results, we get 


nN 
2 = lint) (2,421) (2, —z,_1) 


NYO r=] 


n 
=lim ¥ (2? -2?.4)= lim (27-26). 


NO p=] no 
Therefore, / = ( ~a ). 


In particular, if L is closed, then B=a and thus 


ta=0, [2aZ2=0. 
L L 


2.1.8 Theorem (Integration along a Regular Arc):Let f(z) be continuous on the regular arc L 
whoseequationisz(t)=x(t)+y(t),to<t<T.Provethat/(z)isintegrablealongL andthat 


[ f(z) d= ff F(t)ix O+iy Olde, 
L 


where F(t) denotes the value of f(z) at the point of L corresponding to the parametric value t. 


Proof: Let us consider the sum 
n 
L= 2d SG) ee - 2) 
r-l 


where €, is a point of L between z,_; and z;. If t, is the value of the parameter t corresponding to &,, then 
t, lies between t,_; and t,. Writing F(t)=o(t)t+iw(t), where 6 and w are real, we find that 


= ¥ (6) + iy(t,) | Ke — X,_4) + i(y, — ¥,-1)] 


= Aer SO) +i ¥ He) —p-1) +1 5 y(t, (x, — X,_1) a ¥ WE )Or Si) 


r=l 


=2y +12 + 13 —L4 
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= Ou = ea) PQ: he) 
We consider these four sums separately. 


By the mean value theorem of differential calculus, the first sum is 


ve x (tp) (Xp — Xp) 


- = OC.) x(t) ty ty) 


Because, (f(a + h) —f(a) = hf'(a + 0h), 0 <O< 1. 
Therefore, X:—-X;-1 = X(t) —x(tr1) 
=(t,-t,-1)x'(t,’) , where 1,’ lies between t,_; and t,. 
We first show that &; can be made to differ by less than an arbitrary positive number, however small, 


' n 
from the sum >=)» ¢(t,)x'(t,)(¢.—-¢-_]) by making the maximum of the differences t,t. 
r=l 
sufficiently small. 


Now, by hypothesis, the functions (t) and x'(t) are continuous. As continuous functions are necessarily 
bounded, there exist a positive number K such that theinequalities | @(t)|<K, |x'(t)| sKhold for tos t <T. 


Moreover, the functions are also uniformly continuous, we can, therefore, pre assign an arbitrary 
positive number ¢€, as small as we please, and then choose a positive number 6, depending on e€, such 
that 


|o(t)—o(t")| << e, |x'(t)—x'(t’)|< & whenever |t +t <6. 
Hence, if the maximum of the differences t,— t,_; 1s less than 6, we have 
[D(Tr)X! (Tr! —(tr)X"(te)| =[O(Tr) 1X! (Tr JX" (tr) FFX") LOT) OC te) § | 
SOO) (IX) +1x (tO) -00t)| 
<2Ke 
and therefore, 
|&7;—2) | < 2K e (T — to). 
Since we know that 
b a w 
|, fode= lim Y f(x) 0x; 
NO j=] 
By the definition of the integral of a continuous function of a real variable, X1' tends to the limit 


[, POX'Odt 


as n—oo and the maximum of the differences t,— t; tends to zero. Since |X; — X)'| can be made as small 
as we please by taking 6 small enough, ©, must also tend to the samelimit. 
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Similarly the other terms of & tend to limits. Combining these results, we find that X tends to the limit 
J, ((t)x"(t)—w(t)y'(e)lde +i fp v(t) "(t)— (0) v' (tat 
=| F(0)x'(1) +a "(e)lde 


and so f(z) is integrable along the regular arc L. 


2.1.9 Remark: The result of the theorem (2.1.8) is not merely of theoretical importance as an existence 
theorem. It is also of practical use since it reduces the problem of evaluating a complex integral to the 
integration of two real functions of a realvariable. 


More generally, it can be shown that if f(z) is continuous on a contour C, it is integrable along C, 
the value of its integral being the sum of the integrals of f(z) along the regular arcs of which C is 
composed. 


2.1.10 Example: Evaluate | 
L Z—-a 


dz , where L is the circle |z-a| =y, 


1 
Solution:Let J = | dz 


L2—@ 


The circle in the parametric form can be written as 
_ 10 
z—-a=re ,0O<@0<27 
=> zeatre? sdz=re'ido 


20 1 o 20 
Thus, J = [ —zreidO= | idO =2zi. 
0 re’ 0 


2.1.11 Theorem (Absolute Value of a Complex Integral): If f(z) is continuous on a contour C of 
| f(a 
G 


length /, where it satisfies theinequality| hi (z)| < M,then <MI1. 


Proof: Without loss of generality, we assume that C is a regular arc. 
Now, if g(t) is any complex continuous function of the real variable t, we have 


n 


os g(t, )(t, ate) 


r=] 


= y le (4, I(t, shai) 


r=1 


and so, on proceeding to the limit, we get 
I @ (0)ael< fl |e(o)lar. 


Hence, using the result of the previous theorem, we have 
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I f (z)dz 


vk 
=| f FO[X'(t) +iv'(t)]de | 
t 


< iF (2) | x'(¢) +iy'(t) | dt 
= mit x'(t) +iy'(t) \dt (*. f(z) = F(t)on C>|F(2)| <M) 


t 


Ty a 
=Mj, |Z at 


=Mff\dz|=M1. 


2.1.12 Remarks: 
(1) The result of the above theorem (2.1.11) is also called estimate of the integral. 
(11) So far we had assumed that f(z) is only continuous on the regular are L along which we take its 


integral. We now impose the restriction that f(z) is analytic and suppose further that L lies entirely 
within the simply connected domain D within which f(z)is regular. Then | f (z) dz certainly exists, 
L 


since f(z) is necessarily continuous on L. But we are no win a position to infer much more about this 
integral i.e. the integral is independent of path of integration. An equivalent form of this result is Cauchy 
theorem, the keystone in the theory of analytic functions. 


First we consider the elementary form of Cauchy theorem which requires the additional 
assumption that the derivative of f(z) is continuous. This form of Cauchy theorem is also known as 
Cauchy fundamental theorem. 


2.1.13 Cauchy Theorem (Elementary Form): If f(z) is analytic function whose derivative f'(z) exists 
and is continuous at each point within and ona closed contour C,then { f(z) dz=0. 
Cc 


Proof:Let D denotes the closed region which consists of all points within and on C. If we write 
z=x+1y, fZ) =u + iv, then we have 


| f(z)dz = J(u + iv)(dx +idy) 
Cc GC 


=| (udx — vdy)+i| (vdx +udy) (1) 
C C 


0 
Now, we use the Green’s theorem for a plane which states that if P ea y),O(x, v),=,S continuous 


oy 
functions within a domain Dare and if C is any closed contour in D, then 
0Q OP 
{ (Pdx + Ody) = fj [2-2 dx dy (2) 
C DY. Ox oy 


By hypothesis f’(z) exists and is continuous in D, so u, v and their partial derivatives ux, Vx, Uy, Vy are 
continuous functions of x and y in D. Thus the conditions of Green’s theorem are satisfied. Hence 
applying this theorem in (1), weobtain 
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! f (2)dz =I s[-2 au *) dx dy + |j i( -] dx dy (Using C-R equations) 
Oy Ox Oy 


= “Way oe dx dy +if| i(Z-¢ dx dy = 0 +i0 = 0. This completes the result. 
= Ox Ox 


An important step was pointed out by Goursat who showed that it is unnecessary to assume the 
continuity of f'(z), and that Cauchy’s theorem is true if it is only assumed that f'(z) exists at each point 
within and on C. Actually, the continuity of the derivative f ‘(z) and its differentiability are 
consequences of Cauchy’s theorem. This form of Cauchy theorem is also known as Cauchy-Goursat 
Theorem. 


2.1.14 General Form of Cauchy’s Theorem:If a function f(z) is analytic and one-valued within and on 


a simple closed contour C, then [ f(z)dz = 0 
C 


Proof:First of all, we observe that the integral certainly exists, since a function which is analytic is 
continuous and a continuous function is integrable. For the proof of the theorem, we divide up the region 
inside the closed contour C into a large number of sub-regions by a network of lines 
paralleltotherealandimaginaryaxes.SupposethatthisdividestheinsideofCintoanumberof squares C;, C,... 
Cm say, and a number of irregular regions D;, D2,..., Dx say, parts of whose boundaries are parts of C 
(Fig. 1). 


F E 
D Cc 
Fig. 1 c Fig. 2 
A B 
Then 
N 
[fede = | f(zjaz+ dD J faz, (1) 
m=1C, n=1D 


where each contour is described in positive (anti-clockwise) direction. 


Consider, for example, any two adjacent squares ABCD and DCEF with common side CD 
(Fig.2). The side CD is described from C to D in the first square and from D to C in the second. Hence, 
the two integrals along CD cancel. So all the integrals cancel except those which form part of C itself, 
since these are described once only. Moreover within the integrals of R.H.S. of (1), there are contained 
integral along all the parts of the contour C into which C is divided on account of the subdivision. Thus 
the result (1) is true. 


We now use the fact that f(z) is analytic at every point. This means that, if z) is any point inside or on 
C,then 


fO-fE) _ 


f (Zo)|<€, provided that 0 < |z — z0| <8 = 8(zo) 
Mm ZO 
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i.e. if |z—Zo| <6, then |f(z) —f(Zo) — (z-Zo) f'(Zo)| SE|Z—Zo (2) 


If we consider any particular region Cy, or Dy, in the above construction, it is evident that we can 
choose its side so small that (2) is satisfied if zp is a given point of the region, and z is any other point. It 
is not, however, immediately obvious that we can choose the whole network so that the conditions are 
satisfied in all the partial regions at the same time. We shall prove that this is actually possible. 1.e. 
“having given €, we can choose the network in such a way that, in every Cm or Dy , there is a point Zo 
such that (2) holds for every z in this region”. This actually, means that the function is uniformly 
differentiable throughout the interior of C. We prove it by well known process of sub division. 


Suppose that we start with a network of parallel lies at constant distance / between every 
consecutive pair of lines. Some of the squares formed by these lines may each contain a point zoof the 
desired type. We leave these squares as they are. The rest we subdivide by lines midway between the 
previous lines. If there still remain any parts which do not have the required property, we subdivide them 
again in the same way. Obviously, there are two distinct possibilities. The process may terminate after a 
finite number of steps and then the result is obtained, or it may go on in definitely. 


In the second case, there is at least one region which we can subdivide indefinitely without 
obtaining the required result. We call this region, including its boundaries, R;. After the first sub 
division, we obtain a part R2 contained in R; with the same property. Proceeding in this way, we have an 
infinity of regions Ry, Ro,..., Rn each contained in the previous one, and in each of which inequality (2) 
is impossible. Since Ri> R2> R3,..., there must be a point z) common to all the regions Ry (n= 1, 2,...) 
and since the dimensions of R, decrease indefinitely, we can have |z—zo| <6 for sufficiently large n, say n 
> no and for every z in Ry. But f(z) is analytic at z. Hence (2) holds for this zp in R, if n > no. This 
contradicts the statement that in no Ry, there exists a point zosatisfying inequality (2). Thus the second 
possibility is ruled out and (2) is satisfied for every point in the region C. 


Now, let us consider one of the squares Cy, of side /m. In Cm, by inequality (2), we have 
AZ) = flZo) + (Z — 20) f"(Zo) + (Z), where |(z)| Se |z —Zo| 
Hence, J f(z)dz= J [f(z9)+(z—z0)f (zo)] dz + J B(z)az (3) 
C, C, C, 


The first integral in (3) simplifies to 


Lf (z0)-zof'(Z0)] J dz+f'(zo) J zdz and therefore vanishes, since { dz=0, J zdz=0 (by 
C, Cc C, C,, 


m 


definition). 


Also, by virtue of the result regarding absolute value of a complex integral, we obtain 


Ic, #)dz 


<e Io. |z -zo||de| 
Lex Als 


since |z—Zo| <V2 Im for Zo inside Cm and z on C,, and the length of Cm is 4/m 


In the case of any one of the irregular region D,, the length of the contour is not greater than 4/, + dn, 
where 6, is the length of the curved part of the boundary. Hence 
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<eV21, (41, +5). 


| d(2)dz 
D 


Adding all the parts, we obtain 


a < s 


m=l 


+3 


n=l 


| f(2)dz 


Cc, 


| f2dz 


D, 


: P(z)dz| + Y 


n=l 


| P(z)dz 


D, 


M 
=a 


< De V24l2 +Ye 21, (41, + 6,) 
<4V2 ed (i2, +17)+eV2156, (4) 


where / denotes some constant greater than every one of the /, 's. Now a ( +1, *Jis the area of a 


region which just includes C and is therefore bounded. Also >°6, is the length of the contour C. Hence 


the R.H.S. of (4) is less than a constant multiple of ¢. But the L.H.S. is independent of €, and € is 
arbitrarily small, it follows therefore that { f(z)dz =0 which proves the theorem. 
C 


2.1.15 Corollary: Suppose /(z) is analytic in a simply connected domain D, then the integral along any 
rectifiable curve in D joining any two points of D is the same i.e. it does not depend on the curve joining 
the two points i.e. integral is independent of path. 


Proof: Suppose the two points A(z,)and B (25) of the simply connected domain D are joined by the 


curves C; and Cas shown in the figure. 


Then, by Cauchy’s theorem 


i f(@dz=0 
ALBMA 

ie. |[ f(zjdz+ | f(z)dz=0 

ALB BMA 
ie. | f(zdz- | f(z)dz=0 

ALB AMB 
ie. J f(z)dz= | f(z)dz Figure 5 

C C 


2.1.16 Extension of Cauchy’s Theorem to Contours Defining Multiply Connected Region: By 
adopting a suitable convention as to the sense of integration, Cauchy’s theorem can be extended to the 
case of contours which are made up of several distinct closed contours. Consider, for example, a 
function f(z) which is analytic in the multiply connected region R bounded by the closed contour C and 
the two interior contours C, C2 as well as on these contours themselves. The complete contour C’ which 
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is the boundary of the region R is made up of the three contours C, C; and C2 and we adopt the 
convention that C” is described in the positive sense if the region R is on the L.H.S. w.r.t. this sense of 
describing it. Then by Cauchy’s theorem 


| f(z) dz=0 
Cc 


where the integral is taken round the complete contour C’ in the positive sense. 


Figure 6 


Practically, we deal with this case by drawing transversals like ab, cd and by applying Cauchy’s theorem 
for a simple closed contour ababaBdcycdéa. It is found convenient in applications to express the same 
result in the form 


I fl) dz= J f(z) az+J f(z)a 


C, C, 


where all the three integrals are now taken in the same (positive) sense. 


An exactly similar result holds in case there are any finite number of closed contours C;, C2,..., Cm 
inside a closed contour C and f(z) is analytic in the multiply connected region bounded by them as well 
as on them. Then we have 


I A(z) dz= | f(z) d+] f(z) dzt..+[ f(z) & 


C, C, C, 
whereall the contours are described in positive sense. 
2.1.17Theorem (Cauchy’s Integral Formula): Let f(z) be analytic inside and on a closed contour C 


and let zo be any point inside C.Then 


Cee 


=— dz. 
2H GZ—Zy 


(z) 


Z—Zo 


Proof: We consider the function . This function is analytic throughout the region bounded by C 


except at z— Zp . Then, by 2.1.16, We have 
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Ogata, 


C220 y2— 2 


where y is any closed contour inside C including the point Zp as an interior point. 


(*), 


Figure 7 


Let us choose y to be the circle with centre zg and radius p. Since f(z) is continuous, we can take 


p so small that on y, | f (z) =f (zo) |<e where € is any pre assigned positive number. 


(LO gy. {U@O-SEo)+ fe) 


Now, 
y 2-29 y Z—ZQ 
= (@9)) ae +{, LO= FCO) 
y2~ 20 Z—ZoQ 


For any point z on y, 


z-2 = pel? > dz = pied 


id 
On if a 
y Li ZQ 0 pe? 0 
and 
20 = : 
0 pe 


jfO=FE0) g, 


Z—Zo 


te 
=|j?*tF@)-seoria9 
<ef °* d0 =2ne 
Hence from (1), we get 


<27€. 


j LO ae -2nif (2) 


C= 40 


Since ¢€ is arbitrarily small and L.HLS. is independent of €, it follows that 


(1) 
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j I) 4 _rgif(2) =() 


Ce <0 
Therefore, f(z) = a f we) 
2H 7 2-24 
Which proves the result. 


2.1.18 Corollary(Extension of Cauchy’s Integral Formula to Multiply Connected Region): If /(z) is 
analytic in a ring shaped region bounded by two closed contours C,and C2 and Zp is a point in the region 
between C, and C>,then 


1 £04 1 , £@ 


21 C 2-2 2HiC Z-Zq 


dz, where C> is the outer contour. 


f(Z9) = 


Proof: Describe a circle y of radius p about the point zo such that the circle lies in the ring shaped 
F(Z) 


Z—Zg 


region. The function is analytic in the region bounded by three closed contours Ci, C2 and y 


Figure 8 


Thus by 2.1.16, we have 

| fO ge) 1@ gp, LO a 

C7 ce 20 vy 2-20 
where the integral along each contour is taken in positive sense. Now, using Cauchy’s integral formula, 
we find 

i) IO) y =" I®) 4 27f (29) 


C2200 e220 


1 104 1 £0 


LHL 2 Zh 21 C Z—Zy 


Hence, /(Z9)= dz. which proves the result. 


2.1.19 Poisson’s Integral Formula: Let f(z) be analytic in the region |z|/< Rthen for 0<r<R, we 
g Y 


have 
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127 (R?-r”) f(Re#) 


iO) _ 
we ol 20 ! R* —2Rrcos(O-) +17 


where @ is the value of 8 on the circle [Z| =R. 


Proof: Let C denote the circle [Z| =R.Let zp = re? 6 <r<R_ by any point inside C, then by Cauchy’s 
integral formula, 


f()-— [te « (1) 


21 CZ —Z% 


2 
The inverse of zg w.r.t. the circle [Z| = R is — and lies outside the circle, so by Cauchy’s theorem, we 


Z0 
have 
2ni C R2 
29 


Subtracting (2) from (1), we get 


2 
(Zo — BN 


f (2) == [——,, 
SOC eae pies Sie 
Z0 

2 j (R= 2020) fae (3) 


~ 2ni¢ (2-2 )(R? — 229) 


-i0 


Now, any point of circle C is expressible as z = Ref. Also Zp) =r el? , SO Z0 =re  .Therefore, 
R? — 2929 =R?-r? (4) 
(z= zq)(R° = zz) = zR* 2729 zgR? 29 Z0Z 
= Rel? — Rel *F pe? 7 LPR? 4 REF 
= Re'?[R* —2r Reos(O—4) +r] (5) 


and dz= Rie?dd 


Thus, (3) becomes 
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1 22 (R*-r7)f(Rel*)dg 


iO, _ 
aa ! R* —2Rrcos(0—4) +r? 


which is the required result. 


Formula (6) can be separated into real and imaginary parts to get (f(z)=utiv) 


20 2 2 
u(r,0) = j Ra wR ddd 
0 rcos(0—@) +r 


1 7 (R* -r? WR, ddd 


V(r, 0) = 
2m 9 R* —2Rrcos(O—g)+r° 


2.1.20 Cauchy’s Integral Formula for the Derivative of an Analytic Function: If a function f(z) is 
analytic within and on a simple closed contour C and zg is any point inside C, then 


tp IO xy, 


2ni C (z- zo) 


f'(Z0) = 


Proof: Let zoth be a point in the neighbourhood of point zoand inside C. Then, Cauchy’s integral 
formula at these two points gives 


ep I) 4 


"Dae eae ae 


S (Zo 


1 Z 
a ate vers 


fZot+th-fZo)_ 1 . f@ ! ole oh 
h 2tic h |z—-(Zgth) 2z=zZ9 


aay f() 226 -1 


~ 2ni co (z—-z9)h| z-(Zq +h) 


-1 
_| ,_f@ act) ae 


271 C(z—Z9)h 22 


Fe -1 
AGS |) al 


2ni C(Z—Zg)h 


2 
ee elms i { g )« alae: —1|dz 


2mi C(Z—Zo)h Z—Z 
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ee i ee ee eee 
2ni C(Z—29)| 2-29 (z—-2z)° 


Taking limit as h-0, we have 


fim fotM—f(o) __1 fe | I 2p \« 
h>0 h 2ni ¢(zZ- 20) 


Z—-Zo 


Hence, f(z) is differentiable at z) and 


fie)-— Je. 


2ni ¢(z—z9)° 


2.1.21 Generalization: This result (2.1.20) has a very significant consequence in the fact that f'(z) is 
itself analytic within C. i.e. derivative of an analytic function is also analytic. To prove this, it is enough 
to show that f '(z)has derivative at any point Zo inside C. Using Cauchy’s integral formula for f'(Zo) and 


f'(Zot+h) with the same restriction on h as before, we get 
1 1 


; f(z) a 
re Ae ore gel 


f'(zo+h)~ fo) _ 1, F(Z)22=220-4) 


or ; 5) 5) 
i 2mi ¢(z—29)°(z-z9 —A) 


by means of arguments parallel to those used in the proof of Cauchy’s formula for f'(Zo), we can easily 
show that ash-0, the integral on R.H.S. tends to the limit 


2, f0 4 


2ni ¢(z—z9)* 
Thus f'(z) has a differential co-efficient at zo, given by the formula 


1@)= 2 JO ae 


2ni ¢(z—z9)° 


The arguments can obviously be repeated and we get the following result as a generalization.” If f(z) is 
analytic inside and on a closed contour C, it possesses derivatives of all orders which are all analytic 
inside C. The nth derivative f"(zo) at any point Zo inside C being given by the formula 


f'(eq)= 2 | LO#_» 


2ni C C= ee 


2.1.22 Remark: From Cauchy integral formula, we observe a remarkable fact about an analytic 
function. Its values everywhere inside a closed contour are completely determined by its values on the 
boundary. In fact the values of each derivative of an analytic function are determined just by the values 
of the function on the boundary. 
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d: 
2.1.23 Example: Evaluate lon =1,2,...M where C is a single closed contour. 
(z-Zo) 


1 
Solution: The function —————_ is analytic except at z = zo. Hence if C does not enclose zo, then by 
(z—Zo) 


Cauchy’s theorem, the integral is zero. If C encloses Zo, then we choose a circle y of small radius p with 


centre Zo. 
: 


Figure 9 
Thus, we get 
dz dz 
al ree tl ar 
Cc (z-Z9) y (z-29) 


Ony,z—Zo = pevido, 


See Pasi 
Ie ar au =[2* ip lem -9 gg f i ifm 
, ifmF#l 


0,if z = Zo is outside C 
Therefore, / = 4 0,if z = zg isinsideC,m #1 
2a1 if z = Zq isinsideC,m =1. 


e 


2.1.24 Example: Evaluate | —— dz, where C is a closed contour between the circles of radius 1 
cz(z* —16) 


and 3, centred at origin. 


Solution: The integrand is analytic except at z = 0, z = + 4 which are not points of the given region. 
Therefore, by Cauchy’s theorem, the integral vanishes. 


2.1.25 Example: Using Cauchy's Integral formula show that 


e22 87re 


i) ji dz:= i, where C is the circle |z| = 
c(z+l) 3 


Solution: By Cauchy’s integral formula for derivatives, we have 


Pez ie _f@)d 


2n1 C (z- Zz Gz)" 


a ste cette aad oe cht te een elaoasapedb esate oe 
where f(z) is analytic inside and on C. 
In the present case, C is |z| = 3, 
fiz) =e”, z) =—1, n =3 and f(z) is analytic inside and on the circle |z| =3. 
Also, f*(—1) = 8e*.Therefore, (1) becomes 


[3 eet 


8e2 =e 4 dz 
2mi C (z+l) 
2z —2 
= J = i dz OMe i 
c (z+l) 3 


Hence the result. 
2.1.26 Example: Using Cauchy Integral formula, find the value of the integral 


di: 
i) a where C is a circle given by \z +3ij =f 
C2(z+iz) 
Solution: By using partial fraction, we have 


dz 1 1 1 


Vem : mi Ie = reer ae 


1 
= Up 19) (*) 
Ti 
dz 
Now, /; = | —. Here f(z)=la=0. 
C Z 


By using Cauchy integral formula, f(a) = =! f(z) dz; = = : iz 
mic z—a Ti CZ 


j= fra [tae = 22 


21 C Z C Zz 
dz ‘ 
Now,l2 = f —here f(z) =La=-iz. 
C(z+ix 
: : ; 1 1 
By using Cauchy integral formula, f (-iz) = — f — dz 
2ni CO Z+in 


1 1 
he ZS 2H) dz 


2ni CO Zt+in CzZtix 
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Putting the value of I; and Ip in (*), we get 


(pS 
Cuzt+inz) zi 


2.1.27 Exercise: Using Cauchy’s Integral formula, prove that 


sin mz +COS nz 


(i) J 


dz = 4zi , where C is the circle |z|=3 


c @-)E-2) 
6 
(Gi) | 4_g@= “ zi , where C is the circle |z|=1. 
C(z-/6) 6 
(iii) i Hoa dz = = , where C is the circle |z|=1. 


Zt 
(iv) | —2—-a& = 1 (sint—tcos t) , where t > 0 and C 1s the circle |z|=3. 
2 2 2 
C (z* +1) 


2.1.28 A Complex Integral as a Function of its Upper Limit: Let f(z) be analytic in a region D and let 
F(2)= [2 f(w)aw 


where Zo is any fixed point in D and the path of integration is any contour from zoto z lying entirely in D. 
It follows from Cor. (2.1.15) to Cauchy’s theorem that the value of F(z) depends on z only and not on 
the particular path of integration from zoto z. F(z) is called the indefinite integral of f(z). We prove 
below the analogue, in the theory of functions of a complex variable, of the well known “fundamental 
theorem of integral calculus”. It asserts that the operations of integration and differentiation are inverse 
operations. 


2.1.29 Theorem: The function F(z) is analytic in D and its derivative is f(z). 


Proof: Since F(z) =|? f(w)dw 
and F(z+h)= ae f (w) dw 
Thus, F(z+h)-F(2)=[5"" fow)dw—[5 fv) dw 
= [2 fow)dw+[2" fow)dw 
=(7"" fOw)dw 


F(z+h)-F 
h 


By Cauchy’s theorem, we may suppose that integral is taken along the straight line from z to z+h. Thus 


Hence, 


(2) =a" fwydw. 


Complex Analysis 65 


F(z+h)-F 
(z+h) )_ (2) 14 ponds f(z) dw 


== (54 Lf0n) ~f@) dw 


Since f(z) is analytic so it is continuous, given <> 0, there exists a 6 > 0 such that 
If (w)—-F (2) <e whenever |w—z|<6. 
Therefore, if 0 <|A| <0, we have 


zt+h)-F(z 
F( oe ) F( Ee <t yeth Lf(w) — f(2)]|aw| 


h lhl 
1 
< We ¢|d|= Tela |=e 
Hence, lim Ble) f(z)=0 


h>0 h 
or F'(z)= f(z) 
which proves that F(z) is analytic and that its derivative is f(z). 


2.1.30 Morera’s Theorem (Converse of Cauchy’s Theorem): If f(z) is continuous in a region D and if 
the integral J&z)dz taken round any closed contour in D vanishes, then f(z) is analytic in D. 


Proof: When the integral round a closed contour vanishes, then we know that the value of the integral 
F(z)=[F fow)dw 
is independent of path of integration joining zoand z. Also, we have 


ee zth 
aoe =O) _ 4Onaw 


and further 


F(zt+h)-F(z) 
h 


zth 
f@=— | LfO)- flaw 


where we are free to assume that the path of integration is the straight line joining the points z and zth. 
Since f(z) is continuous in D, we find that (previous theorem 2.1.29) 


F(2)= f(2) 


i.e. F(z) is analytic with derivative f(z). But we have the result that derivative of an analytic function is 
analytic. Thus, we finally conclude that F'(z) i.e. f(z) is analytic in D. 


2.1.31 Example: Find the value of the integral J(x- y+ ix? )dz 
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(i) along the straight line from z = 0 to z = 1+i 


(11) along the real axis from z = 0 to z = | and then along a line parallel to imaginary axis from 
z=1toz=I14. 
Solution: Let z = x +iy > dz =dx + idy 
(i) OA is the straight line joining z = 0 to z= 1H. 


Clearly y=xonA * MES 


“dy=dx 
2 2 
| (C= yp )dz = [(x-x+ix )(dx + idx) O B(z=1) xX 
OA 0 
1 ae 
= iti) x2de = OD 
0 3 S Figure 10 


(ii) The real axis from z = 0 to z = 1 is the line OB and y = 0 on OB. 
Therefore, z = x,dz = dx 


2 2 Z 1 i 
J (w-yptix*)dz = | (x-0+ix*)dx =| (x+ ix Vdc 
OB 0 0 a 


Now, BA is the line parallel to the imaginary axis from z = 1 to z= 1+1 and x = 1 on BA so 
that dx = 0, dz = idy 


1 
J (e-yti)dz = [y+ didy See ee ee | 
BA 0 ae 


2.1.32 Cauchy’s Inequality (Cauchy’s Estimate): If f(z) is analytic within and on a circle C given by 
M\n 

fe) Me. 
R 


|z-zo| = Rand if |f()| < M for every z on C, then 


Proof: Since f(z) is analytic inside C, we have by Cauchy’s integral formula for nth derivative of an 
analytic function 


Pq) =, Oe 
Tl 


(z = zit! 


Since on the circle |z—zo|=R, z—29 = Re? dz =Re? id@and the length of the circle is 27R, 
therefore 


f (z)dz 


ny, \\-12 
f (0) ys le (z—z)"*! 
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id . 
is |n 2 M Re id| [n pe M 10 
~ 279 Re n+l 79 pn 
= ls ve on Mn 


M 
Hence, If"(z0)|< ks 
R" 


2.1.33 Liouville’s Theorem: A function which is analytic in all finite regions of the complex plane, and 


is bounded, is identically equal to a constant .i.e. the only bounded entire functions are the constant 
functions. 


Proof: Let z1, z2be arbitrary distinct points in z-plane and let C be a large circle with centre at origin and 
radius R such that C enclosesz, andzzi.e. 


Since f(z) is bounded, there exists a positive number M such that| fs (z) <MVz. 


By Cauchy’s integral formula, 


fed= aq 


aa 


fen) =i) LEME 


aa 


fe)-fa=h iti 


Thus, f(zo)-f(4) \< a j ! f(z) |ldz| 


C Z —2,||z -z,| 


< M|z, —z,| |dz| 
20 


|2-2,| 


C |z—-z, 


M |, =I 5 a2| 
2m lle) (zl-l22) 


be lei] elle 


Now, on the circle C, z = Re’? : ‘i R, dz= Re’? ido 


|Re” ido| 
iy (R|z,(R-|z,)) 


Therefore, |f(z))-f ()|<— at 
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— 2 
2x (R-[)(R-e.) 


Mz, —Z, it 


aay 


which tends to zero as R > o. Hence, f(z>) —f (4) =e. f (4) = f (z2) . But z;,Z2 are arbitrary, this 


holds for all couples of points z;,z2 in the z-plane, therefore /(z)=constant. 


2.1.34 Taylor’s Series: We have observed that a convergent complex power series defines an analytic 
(holomorphic) function. Here, we discuss its converse 1.e. we proceed to prove that if f(z) is an analytic 
function, regular in a neighbourhood of the point z = a, it can be expanded in a series of powers of 
(z —a). These two results combine to demonstrate that a function is analytic in a region iff it is locally 
representable by power series. The following theorem extends Taylor’s classical theorem in real analysis 
to analytic functions of a complex variable. 


2.1.35 Taylor’s Theorem: Suppose that f(z) is analytic inside and on a closed contour C and let a be a 
point inside C. Then 


_ f"(@) 2 
f(2) = f(ay+ f(M(E-a)+ 2 (Z—A)~ teceeeceeee + ‘i 


(z-a)" 


_ 2 f(a) 
= ° a [n 


The infinite series is convergent if \z —a| <6 where 6 is the distance from a to the nearest point ofC. In 


the region \z —a <6, where 6; < 6, the series is uniformly covergent. 


O+6; 
Proof: Let = : | sothat0 <6, <0) <0. Then, by hypothesis, f(z) is analytic within and on the 


circle y defined by the equation \z —al = 0>. Let a+ h be any point of the region defined by|z —a| <6). 


Figure 11 


Since a + h lies within the circle y, using Cauchy's integral formula 
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2 n n+l 
al Lal. ae: ele 
Z=@ (ga) (z-a)"” (z-a)"(z-a-h) 


1 2 ; prt! 
°° ——=14+b)4+b° +....4b° + 
1-b 1-b 


Z h Z Z 
Op IO 2 (Oy 


h2 
: a 
yp aie aes) 20 y(z-a) 2ni ,(z-a) 


fg Wf de 
2miy(z—a)"*! —-2ni y (z-a)"*!(z-a-h) 


Using Cauchy’s integral formulae for the derivatives of an analytic function, we get 


= ' h? " n n 
DRO I ARIMA COE ase? mn? (a) +A, 
n+l 
widen 2 Oe, 
2ni ¥(z-a)"" (z-a-h) 
Thus, f(a+h)=f(a)+ > f (aoa, 
r=l r 


But on account of continuity, f(z) is bounded on the circle y. Thus there exists a positive constant M such 


that || <M on y+. Also, when |z-a| = }, ; 
lz—a-h >|z—-a|-|Al 2 07 — 0} 
where ath lies in the circle and \z —a| = 6; , implies ja +h —al <0} i.e.|h| < Oj. 


Now, applying the result regarding the absolute value of a complex integral we have the inequality 
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1 
1, Year le 


ae [2z| \z-al"*"|2-a-hl 


M,_|Al"'|de 
< 
2m 5 59/"*! (5-6) 


mf! Ml (ay 
; oe ll 


7 2155""" (55 —6,) eT ( —6,) >) 


Since \A| < 0, < 09, it follows that as n >0,A, >0 
So that we have the identity 


forh=f@+5L Or 
n=l [n 


Changing over from a + h to z, thus we have the so called Taylor’s series (expansion) 


_ Oa 
f@)= flay+ ¥ TE (z-a) 


So far, we have proved only the convergence of this series for all values of z such that \z —al <0}, 


It is however possible to prove more 1.e. the uniform convergence as follows. Since iA <6), we have 


y's MA fA) 
NS 5 By Op 


and we observe that the expression on the right is independent of h. Therefore, given € >0, there exists 
an integer N = N(é), independent of h, such that |A,| <e for n =N. This proves the uniform convergence 
of the Taylor's series of f(z) in the region |z — a] <5)<6 


2.1.36 Remarks: 
(i) The above theorem is sometimes known as the Cauchy-Taylor theorem. 
(ii) By putting a = 0, Taylor’s expansion reduces to 
= i (1) ee 
f(z)=f(0)+ ¥ ara , which is known as Maclaurin’s series. 
n=] n 


(111) Taylor's series can be put as 
= n 
f(z)= X a,(2-4) 
n=0 


where 
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n 
(iv) Using a, = f na , the result of Cauchy 's inequality (2.1.31) can be put as 
n 
nlp le 
2 M 
Lé. lan S Rt ; 


2.1.37Theorem: On the circumference of the circle of convergence of a power series, there must be at 
least one singular point of the function represented by the series. 


Proof: Suppose that there is no singularity on the circumference |z — a| = R of the radius of convergence 
of the power series. 


Then, the function f(z) will be regular in a disc |z-a| < R + e, where €¢ is sufficiently small positive 
co 
number. But from this it follows that the series }) a, (2 —a)" must converge in the disc |z -a| < Rte 
n=0 
and this contradicts the assumption that |z -a| < R is the circle of convergence. 


oc 
Hence, there is at least one singular point of the function f (z)= pape (z-a)’ on the circle of 
n=0 
= n 
convergence of the power series >) @,, (z-a) : 
n=0 


2.1.38 Example: Expand the following functions in a Taylor’s series about point z = 0 and determine 
the region of convergence 


(i) e (ii) sinz (iii) cos z 


Solution: (i)Let f(z) =e , 


 f(0)=1, f'0) =1,..... f) =1 
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By Taylor’s series, we have 


2 


f= =fO+PO+T Or... Ae = (1+ ae 


2 r 
Zz Z 
=1]4+7+—4....4— Ft... 
2! r! 
r r+l 


Here = 
LF are as os Maer RET 
‘ae es (r+l1)! 


lim 
ro 


= lim — eae ee 00, 
Pee 


Uy+] 


By ratio test, the series is convergent. 


(ii) Let f(z) = sin z 


f (2) =cosz= sin( +Z) 


f"(Z) = -sin z = sin(m+ z) 


fOD= sin( +z) 
-. f(0) =0, f'(0) =1, f"(0) =0........ 
By Taylor’s series, we have 
2 
f(z)=sinz= fO+F OH FO) Font = f+ ioe 
2 3 r 3 5 
x ee a A Ay a ee cae 
AA ON ok 1)....+ ath te Z m + 7 evunts 
72rel Z2rtl 
th Qr-p!’ rst] = Qr+)! 
lim = lim Fer+(2r)= 00, 
ro]Uy,47 rao 72 


So, series is convergent everywhere. 


(iii) Let f(z) =cosz 


Complex Analysis 


f (2) =-sinz= cos(5 +z) 
f "(Z) =-cosz =cos(m+ Z) 
fY(2)= cos( + z) 


By Taylor’s series, we have 
f(z) =cosz=1-— +—+ 
= = 21 4| eeecee 
2r—2 2r 


Zz 
Here, lu,-| = Qr—2)!’ 


Uy41|= cc 
r+l (2r)! 


Uy 


Uy+4] 


lim 
roo 


rTOO Z 


So, series is convergent everywhere. 


= lim Fer -1)(2r)=0>1 


2.1.39 Example: Expand log (1 + z) in a Taylor’s series about the point z = 0 and determine the region 


of convergence for the resulting series. 


Solution: Let f(z) = log(1+z).Then 


Hence, f (0) =0, f'(0) = 1, f"(0) =-] 
f"(0)=(-1)" [n=1 


Therefore, by Taylor’s theorem, 


2 
f(2)=log(1+2)=f(0)+2f'(0) +75 f"(0)+..+ 
2 ze n-1 
Tee pe + ~ (-1) MAB ands 
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ea (ys 
2 3 n 
Now, if u; denotes the n'" term of the series, then 
(cyte (aye 
Uy = Unt = 
n n+l 
; u 1 
lim |—| =— 
XO |Uy +] F4 


: ; 1 F 
Hence, by ratio test, the series converges for Fi >1 Le. [z| <1; 
Z 


ioe) 
2.1.40 Example: If the function f(z) is analytic when |z| < Rand has the Taylor’s expansion > a,z”, 


n—0 


show that if r<R, 


lox 
on 


en\|2 
f(re® d0= 7 la, yon 
n=0 


2 
Hence, prove that if If (z)|sM when Z| < R, > lan| rel <M? 
n=0 


Solution: Since f(z) is analytic for |z| < R, so f(z) is analytic within and on a closed contour C defined 
by |z| = 7, r < R. Thus f(z) can be expanded in a Taylor’s series within |z| = r so that 


f(z)=> GZ" 
0 


2 se n_ind@ © —_m—im6 
f(z) =f (2) fle) are Gyre 
n=0 m=0 
ais . a, a, rte tln-m)o 
n=0 m=0 


The two series for f(z) and f (z) are absolutely convergent and hence their product is uniformly 


convergent for the range 0 < 0 < 27. Thus, the term by term integration is justified. So, we get 


oc oc ——= . 
7 lr (2 dO SS ayagr srnnag6 
n=0 m=0 
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or | fre”) d0 = > ln Pe (1) 


Now, from (1), we get 


xe aa 2n _ pal ¢ 


27° ), ae 


<p" Mrd8 = — M?2n=M?. 


Which proves the required result. 


2.1.41Example: If a function f(z) is analytic for all finite values of z and as |z|>0, |Az)| = Alz|, then 
fiz) is a polynomial of degree <K. 


Solution: Here, f(z) is analytic in the finite part of z-plane. Also, it is given that 


i 1 (f(z )|=4lz{* (1) 


We can assume that f(z) is analytic inside a circle C defined by |z|=R, where R is large but finite. Hence 
f(z) can be expanded in a Taylor’s series as 


42) =5 a,z" , wherea, = f(0) __|n : fe) A= ! f(z) ye 
0 


1 Wee) lel 


Therefore, |a,|< ini en aR" on If ( 2)||a2| 
a aa lf (z lon C. 
K 
a 27R= ee a 
IR"! R® R” 
ARS... Hf 
R" pik’ 
Thus, Rew -— 


which tends to zero as R > o, if n— K > 0 1.e. a, = O for all n such that n > K. Now, from (2), we 
conclude that f(z) is a polynomial of degree < K. Hence the result. 
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3.1 Laurent’s Series: Consider the functions which are analytic in a punctured disc i.e. an open disc 
with centre removed. We have seen that a function f(z) which is regular in an open disc at z = a, can 


be expanded in a Taylor’s series in powers of (z —a) and that this power series is convergent in any 
circular region with centre ‘a’, contained within the given neighbourhood. 


In case, however, the function is not analytic in the neighbourhood of a point ‘a’ including it, but 
analytic only in a ring shaped region (sometimes called annulus) surrounding ‘a’, the expansion of 
f (z)in a Taylor’s series in powers of (z — a) ceases to be valid. The question naturally arises as to 


whether f(z), for values of z in the above said ring shaped region, can be expanded in powers of (z —a) 


or not. In such a situation f(z) has another series expansion known as Laurents’s expansion. 


3.1.1 Definition: Circles lying in the same plane and having a common centre is called concentric 
circles and the region between two concentric circles is called an annulus. 


3.1.2 Definition (Weierstrass’s M-test): Suppose >)u(z) is an infinite series of single valued 
functions defined in a bounded closed domain D. Let there exist a series >’ M, of positive constants 
independent of z such that 


(i) lu, (D| <M, Vn and V zeD 
(ii) >) M, is convergent 
Then, the series }'u,(z) is uniformly and absolutely convergent in the domain D. 


3.1.3 Laurent’s Theorem: Let f(z) be analytic in the ring shaped region between two concentric 


circles C and C'of radii R and R'(R'< R) with centre ‘a’, and on the circles themselves, then 


F(Z) = Da,(2—a)" +¥8,(2-a)", 


z being any point of the annulus and 


1, fo) 
"Oni ce(w-ay" 
2 ih f() 


n n+l 


(Oni & (w-a) 
Proof: Since f(z) is analytic on the circles and within the annulus between two circles. So by 


Cauchy’s integral formula, we have 


1 £09 gy} LO gy 


Mi cW-Z Qni Cc W-Z 


LAS, (1) 


Consider the identity 
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(2) 
z-a 
= 


=14+54+5' +...4b7'4+ u a u 


Ww-Z 7 (w-a)-(z-a) 7 wa] 


Applying the result, 


on R.H.S. of (2), we obtain 


wa (3) 
n-1 Z—-a a Z—-a J 1 
= me y +( ) 
r=0 (w—a) w-a) w-Z 
Interchanging z and w, we get 


1 a(w-a) (w-a)" 1 
z—-w 0(z-a)” (z-a)' z-w 


(4) 


Equations (3) and (4) can be written as 


FO”) 3 @-a gy, me a ie nee = 
Ww-a 


w-z r=0(w-a)™ w-Z 


tS i A rl we woe) Lo 


Z—-W wz 0(z-a)™ a) z-w 


VwonC' (6) 


Let M and M' be the maximum values of | f(w)| on C and C' respectively. Also let |z-a| =H 4 


Equations of circles C and C' are |w—a|=R and |w—a|= R' respectively. 


From the figure, it is clear that 


wes ane if w lies on C' 
Boa |> °F 
(7) 
samt efter) if w lies on C 
w-a 


The absolute value | u,(z) | of general term of the series in (5) is 


= Can re 
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Similarly, 


bs PM “(5 


rt 


Hence, the series of positive terms 


M(r\' M'(R 
pais) eae d se 
Sela) el 


! r R' 
are both convergent as = <1,—<l. 
r 


1 i 


Consequently by Weierstrass M-test, both the series in (5) and (6) are uniformly convergent. Hence term 
by term integration is valid. Integrating (5) and (6), we obtain 


ah Ly ON ee) 


2ni cw-z r= 2: 2mi c(w-a)™ 2ni c(w-a)"(w-z) 


and 


sith: jp awa a a is Ps a)’ dw + pe Zk fOw)dw. 


2ni oc w-Z (z-a) 2m c z—w 
Taking 

1, fw) 

" Qnic(w-a)™ 


»=ssJor-ay FO 
Tic 


and 
ie 1 (=*) IW) | 
2Qaiclw-a) w-z 
y= 1 (=) IW) | 
Qaic\z-a) z-w 
= 
+; Y) dy 8 e-aya, +U, (8) 
2nicw- pe r=0 
1 n—-1 
oN TOY) gis Bia ay (9) 
2nic WZ r=0(Z—a)”* 
Adding (8) and (9) and using (1), we get 
f(@)=F.a,(z-aY +b (z—-a)" +U,4V, (10) 


Now, 
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1 .\" M |dw 
<< i(4) 4 | (|w-z| =|(w-a)-(z-a)|>|w-a|-|z—-a|=R-7) 


‘ 5 Yr Fi Pek “i 
which tends to zero as n > 0%, since R <1.Thus, limU, =0. Similarly, we can get limV, = 0. 


Making n + oo in (10), we obtain 


f@)=La(2-ay +Db, (2-4) 


or 
f= ma a,(z—a)" + 26, (z-a)" (11) 
where 
_1 fw) 
" 2ni c(w-a)"™ ; 
on. fW) 


n n+l 


(Oni & (w-a) 
which proves the theorem. 
3.1.4 Remarks: 


(i) The result (11) can be put in a more compact formas /f(z)= y a,(z—a)" , where the 


; 1 
co-efficients are given by the single formula a, Bee eA eee y denotes C when 
2mi y (w—a)” 
n>0 and C' when n<0O_ since however the integrand is analytic in the 


annulus R'< \z —a|< R, we may take 7 to be any closed contour which passes round the ring. 


(ii) The function f(z) which is expanded in Laurent’s series is one-valued. Laurent’s theorem 
will not provide an expansion for multi-valued function. 

(iii)In the particular case, when /(z)is analytic insideC', all the coefficients b, are zero, by 
Cauchy’s theorem, and the series reduces to Taylor’s series. 


(iv)The series of positive powers of z —a converges, not merely in the ring, but everywhere 
inside the circle C. Similarly, the series of negative powers of z -a_ converges 
everywhere outside C'. 
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(v) The series of negative powers of z—a L.e., vb, (z—a)” is called the principal part of Laurent’s 
n=l 


expansion, while the series of positive powers i.e. })a,(z—a)” is called the regular part. 
n=0 


(vi) There is no handy method, like that for Taylor’s series, for finding the Laurent coefficients. But 
if we can find them by any method (generally by direct expansion), their validity is 
justified due to the fact that Laurent’s co-efficients are unique. 


3.1.5 Example: Expand f(z) = in a Laurent’s series valid for the regions. 


1 
(z+1)(z+3) 
(i)|z|<1 (ii) 1<|z|<3 (iii) |z|>3 (iv) 0<|z+1/<2 


Solution: Resolving into partial fractions, we get 


1 1 1 
I) ees) es) G4) 


(i) For |z|<1 , we have 
Om Cra ene 
2 2: 


1 1(. z) 
=—(z+l)'-=|1+=— 
sees) 


st ree it s+(2) [<| | 
2 6 3 \3 3 


(ii) For |z|>1 , we have 


1 UGfoe, Mer nw Aes Mig’ Ae gl 
= 1+ = laa e es 
2(z+1) 2z Zz 22 ZZ ee 


es ee ee 
22°F Oe OF 


and for \z| <3, we have 


1 1 ( 2) 
= =—|1+ 
2(z +3) (14) 6. 3 
3 
Lz 7 2 


+ 
6 18 54 162 


Hence, the Laurent’s series for f(z), valid for the annulus! < |z|<3, is 


1 1 1 1 1 2z 2 z 
+ —-—+—-— 4+ 


a a ae en ee en 


f(Z)= ..- 
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(iii) For|z| > 3, we have 


i 1 
I= Trap 2(z +3) 


(iv) Take z+ 1 =u, then 0<|u|<2 and we have 


1 1 
(z+1)\(z+3)  u(ut2) 


1 1 “) 
= = 1+ 
2u[ 1+ BR 
2 


2 


f@)= 


1 1uiu 
+ + 
2u 4 8 16 
1 1 z+l1 (z+ly 
— + oleae 
2(z+l1) 4 8 16 


ee 1 
3.1.6 Example: By considering the Laurent’s series for the function f(z) =———————... Prove that 


(l—z)(z-2) 


(i) If C is any closed contour within annulus 1<|z|<2 , then { f(z)dz=27i . 
Cc 


(ii) If C is any closed contour which contains both the points z =1 and z =2 in its interior, then 


{f(z)dz=0. 


Solution: Resolving f(z) into partial fractions, we get 


1 1 1 


Z\)= = 
2) d-z)\(z-2) z-1 z-2 
(i) In the annulus 1<|z|<2 , re and Het , so that 
Z 
1 1 1 1 
oC ae = + 


ie ee 
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Now, in the region 1 <|z|< 2, the function f(z) is analytic and has the Laurent’s expansion 


co) z" oO 1 
f@= Deets (1) 
n=0 2 n=1Z 
If we write this as f(z)= > a,z", then a, = Ife) gga, Wet LAs a, (2) 
n=—-0 Al c 


where C is any closed contour within the annulus 1 < \z| <2. Since, in the expansion (1), the coefficient 


1 


of z' is 1, so we get from (2), 


| f(2)dz=2z771 . [By equating coefficients of z™' in (1) and (2)]. 
Cc 


(ii) In the domain |z|>2 , a“ and rh , so that Laurent’s series is 
Zz Zz 
1 1 1 1 1 
Ce ae ee 
ae 


z| >2 (3) 


-1 


Since the coefficient of z™' in this expansion is 0, therefore from (2) and (3), we get 


[f(2)dz=0 , 


where y is any closed contour in the region |z|>2. Since f(z) is analytic except at points z=1 and 


z=2, it follows by well-known result on complex integration that 
| f(2)dz=| f(2)az=0, 
c 7 


where C is any simple closed that contains both the points z =1and z =2 in its interior. 


3.1.7 Example: For the function f(z) = eo , find the Taylor’s series valid in the neighbourhood of 
Za 


the point z =i and a Laurent’s series valid within the annulus with centre at the origin. 


Achy pom | eee (1) 
az. 


Solution. Here, f(z)= i 
Z+ Zz 


z 
To find the Taylor’s expansion in the neighbourhood of point z =i for the function f(z), let us take 


F(Z) = 8(Z)+ GZ) + 72), (2) 
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where g(z) = 2(z-1), A(z) -——, v(z) -- : 


(i)Taylor’s expansion for g(z) is 


” Ove 
e(z)=¥ a,(2-i)", where g, = | 
n=0 nN?! 


Here, 
g(z) =2(z-D, “ gi) =20-]) 
g'(z)=2, gi) =2 
g(z)=0 VWn>2, g”)=0 Vn>2 


“a, =2(i-)), a, =2,a,=0 Vn22 
g(z) =2G-1)+2(z-1) (3) 


(11) Taylor’s expansion for y(z) = ae 
Zz 


a (n) (4 
y(2)= ¥a,(z~i)', where a, =2 © | 
n=0 ° 


n 
Here 
1 1 
(Qs “ ¥O=> 
z i 
' wee VU\ 1 
y\(Z)= = yi) at 
y= | yo 
ht (i) 
Therefore, a, = Ge 
(i)" 
Hence, y(z)= ¥ Cam (4) 
a @ 
(iii) Taylor’s expansion for ¢(z) is 
g(z)= > a,(z—i)", where a, = oo 
n=0 nN. 
Here, 
1 1 
P(z) =—., : Pi) = — 
z+l1 i+] 
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fie ane aod Fi cea 
= Gage “OO Gay 
thes ly bos he! 
: Op : OF aD 
pena 
"G4" 
-@GYe-) 
O(z)=d GD™ (5) 


Now, writing equation (2) with the help of (3), (4) and (5), we obtain the required Taylor’s expansion of 


f(z) as 


f(z)=2G-) + Az) +E "(Zz o( aes =) 


Laurent’s expansion for f(z) in the annulus 0 <|z|<1 is 
1 “1 
f(z) =2(z-1)+—-—+(1+z) 
Z 


=2(2-1) 444 $02". 


WA n=0 


ef jd = 1 27 : 
3.1.8 Example: Show that a :) = ¥ az" where a, mi J cos(nO—csinA)dé@ . 
n=—0 TT 0 

| FP os ne Sete 
Solution: The function f(z)=e* * is analytic except at z= 0 and z= o . Hence f(z)is analytic in 
the annulus 7, <|z|<r, , where r; is small and rp is large. Therefore, f(z) can be expanded in the 
Laurent’s series in the form 


f= Daz"+>b2" (1) 
n=0 n=l 
where a, =—— jf @) , 
mic z 
7 1 jL@ 
" Uni oz , 


C' being any circle with centre at the origin for the sake of convenience, let us take C'to be the unit 
circle |z| = 1 which gives z=e” . Now, 
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va. e?(z-z') d 
"— Wnie rai , 
1 Qn ein Fie? 
= ae J eine do 
1] 2 ne 
Sees J el csine-) IO 
2m 
1 2a . 1 2a 
= 51 orem ne des | A )ae (2) 
0 


where F(@) =sin(csin 6 —n@) .Since 


F (22-6) =sin[csin(2z — 0) —n(27 - 8)] 
=—sin(csin 0—nO + 2nz) 
= —sin(csin 0 —n0) =—-F (0) 


{ F(0)d0 =0 
Thus, from (2), we have 
acs eden up 0- = feasted 
27 0 22 9 


We note that ifz is replaced by z™', the function f(z) remains unaltered so that b, = (-1)”" an 


Hence, from (1), we get 


f(2)= Yaz" +¥(-N"a,z" 
n=0 n=l 


2a 
Where, a, = =f J cos(nO-csinA)dé . 
20 
3.1.9 Example: Prove that the function f{(z)= cosh(z + z~') can be expanded in a series of the type 
f(2= > 2" bz" in which the co-efficients of z"and z” , both are given by 
n=0 n=l 
1 2a 
— | cosn@cosh(2 cos 0)dé. 
2m 0 


Solution: The function f(z)= cosh (z + z') is analytic except at z = 0 and z =o . Hence f(z) is 
analytic in the annulus 7, <|z|<r, , where r) is small and r is large. Therefore, f(z) can be expanded in 


the Laurent’s seriesas 
f(2)= Yaz" +>b2" (1) 
n=0 n=l 


Where 
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where C being any circle with centre at the origin. Let us take C to be the unit circle |z| = 1 which gives 
iO 
z=e .Now, 


_ 1 2 cosh(z+Z) 


no . 1 dz 
2nIi 0 git 
1 27 cosh(2cos0)e” . 
= Die elenthe idO 
1 


aes if cosh(2 cos 0)e "dO 
2 0 


ee cosh(2 cos 8) cos n@ aga F(0)d0 (2) 
27 0 20 
where F(A) =cosh(2cos @)sin nO 
We note that 
2a 
F(22-0)=-F(0) => | F(@)d0=0 
0 
Thus, (2) becomes 
a, 2 | F cosh(? cos@)cosné dé . (3) 
27 
It is clear that 
bea. -— { cosh(2 cos 8) cos(—n0) dé = a,. 
0 
Thus, from (1), we find 


cosh(z+z')=Saz"+¥a,z" =a,+da,(z" +z"), where a,is given by (3). 
n=0 n=l n=l 


3.1.10 Example: Prove that the function f(z) =sin E (z + Zz) can be expanded in a series of the 


type f(z)= y a,z" + bz" in which the co-efficients of z”and z™" , both are given by 
n=0 n=l 


= { sin (2ccos @)cosn@ dé. 
27 0 


Solution: The function is analytic except at points z = 0 and z =o . Hence, f(z) is analytic in the 
annulus 7, < [z| <r, , where r, is small and rp is large. 


Therefore, f(z) can be expanded in the Laurent’s seriesas 


Complex Analysis 87 


f(z) =sinfe(z+2"))= Ya,z"+¥b,2" (1) 
where 


Lok. jee vi eles), 


ntl 


"Oni c 2 2ni c Zz 
: -1 
i 23, ie jez _ 1 pale Ng 
2b ez 2ni © pa 


and C being any circle with centre at the origin. We take C to be the unit circle |z| = 1 which gives 
geo": = dpa iesd es 


Therefore, 
1 27sinfc(e’+e”)] ., 
= [ ( y] ie” d@ 
n ri ‘i eine 
1 2zsin[c(e”’+e”)] , 
= e id ) oe do 
27 0 ee" .e 


-+ F sin[e(2cos 0yJe"’d0 
Qn 0 


suey sin[c (2 cos 0)|cos nO do——_{ F(@)a0 (2) 
20 0 20 0 


where F(@)=sin[c(2cos)|sinn0 . 
We note that 
F(22-0)=-F(@0) 


zy i F(0)d0 =0 
Thus, (2) becomes 
a. -—{ sin[c(2cos6)]cosn0 dO. (3) 
It is clear that 


=a: -—j sin[ c(2 cos @)|cos(—n@) dé = a,. Thus, from (1), we find 
TW 0 


sin[c(z+z )J=Daz"+dYbz", 
n=0 n=l 


where a, =), -— { sin (2c cos @)cos(n@) dé. 
TT 0 


Zz 


3.1.11 Example: Find the Laurent series for f(z) = around z= i. Give the region where your 


z+ 
answer is valid. 
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Solution: Using partial fractions, we have 


Z Z 1} 1 1 
ae Hl (z+i(z sac ztil 


Since —— is analytic at z =1, it has a Taylor series expansion. We find it using geometric series. 
Z+i 


1 1 1 lef z-iy 
Bi Di 7-35 =) 
] +—_ 
a 
So, the Laurent series is 


| ee eres ee eer 
peasy gs) 


The region of convergence is 0 <|z—i|<2. 


3.1.12 Exercise: 


1+2z 1 1 
tlt 7-2 $2%.., 0<|z|<1. 
FAe gt Sg 


1. Prove that 


2. Expand —~————— for the regions 
z(z —3z+2) 
(i) O0<|z|<1 Gi) <|z|<2 (iii) |z|>2 
—2 2 
3. Expand ee) for the regions 
(z+1)(z+4) 
(i) |z|<1 (ii) 1<|z|<4 (iii) |z|>4 
z -l 
4. Expand —————_—— for the regions 
(z+2)(z+3) 
(i)|z|<2 (ii) 2<|z|<3 (iii) |z|>3 


1 
5. Expand i for the regions 
v4 


z’) 


(i)0<|z|<1 (ii) |z|>1 


z(l- 


: 1 
6. Find the Laurent’s series of the function f(z) = Pa about z = 0. 
4 


7. Expan for the regions 


— 
(l+z°)(z+2) 


(i)|z|<1 (ii) 1<|z|<2 (iii) |z|>2 
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8. Expand ee for the regions 
z(z —z—2) 


(i)|z|<1 (ii) 1<|z|<2 (iii) |z|>2 
3.2 Zeros of an analytic function: A zero of an analytic function f(z)is the value of z such 


that f(z)=0. Suppose f(z)is analytic in a domain D and a is any point in D. Then, by Taylor’s 
f Pp y yp 


theorem, f(z) can be expanded about z = a in the form 


f(z)=¥.a,(z—a)" , where a, =f ao) (1) 
n=0 Nn. 
Suppose @, = 4, = a4, =......=@,,= 0, a, #0 (2) 
so that f(a) = f'(a) =... = f"'(a)=0, f"(a)#0 


In this case, we say that f(z) has a zero of order m at z = a and thus (1) takes the form 


f(@)=% a,(z-ay" 


= x ne (z —a)"" 


=(z—-a)">a,,,(2—4)" 


Let ¥a,,,(2—a)" = (2) . (3) 
Therefore, we get f(z) =(z-a)"@(z) (4) 
Now, 


wa)=| $4,,,(2-2)"| 


z=a 


= a, a a3 Qaim (z -a)' | = a, z 
n=l 


Since a, #0, so g(a) #0 . Thus, an analytic function f(z) is said to have a zero of order m at z = aif 
f (z)is expressible as f(z) =(z—a)"@(z), where @(z)is analytic and ¢(a)#0. Also, f(z) is said to 
have a simple zero at z = a if z = a is a zero of order one. 
3.2.1 Theorem: Zeros are isolated points. 
Proof: Let us take the analytic function f (z) which has a zero of order m at z = a. Then, by definition, 
F(z) can be expressed as 

f(z) =(z-a)"¢(z) , where @(z)is analytic and g(a) #0. 


Let g(a) =2K. Since ¢(z) is analytic in sufficiently small neighbourhood of a, it follows from the 
continuity of @(z)in this neighbourhood that we can choose 6 so small that, for |z-al<6, 
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\$(z)- @(a)|<|K|. 
Hence, 
(z= 144) +9(z)- 9(4)| 
= |¢(a)|-|¢(z)- ¢(a@)| 
| 2K |-|K| 
|K|, for |z-a |< 6 


V 


Since K 4 Othus, ¢(z) does not vanish in the region |z—a |< 6. Since f(z) =(z—a)"¢(z), it follows at 
once that f(z) has no zero other than ‘a’ in the same region. Thus, we conclude that there exists a 
neighbourhood of ‘a’ in which the only zero of f(z)is the point ‘a’ itself i.e. ‘a’ is an isolated zero. 


The above theorem can also be stated as, “Let /(z)be analytic in a domain D, then unless 

}(2)is identically zero, there exists a neighbourhood of each point in D throughout which the function 
has no zero except possibly at the point itself.” 
3.3 Isolated Singularity: The point where the function ceases to be analytic is called the singularity of 
the function. Suppose that a function f(z)is analytic throughout the neighbourhood of a point z=a, say 
for |z —a |< oO , except at the point a itself. Then the point ‘a’ is called an isolated singularity of the 
function f(z). In other words, the point z = a is said to be isolated singularity of /f(z)if f(z)is not 
analytic at z =a and there exists a deleted neighbourhood of z = a containing no other singularity. 


: 1 : : sei 
For example, the function /(z)= its has three isolated singularities at z = 1,-2,-3 
(z-1)(z+2)(z +3) 


respectively and the function f(z) =— is analytic everywhere except at origin. Therefore, z = 0 is an 
Z 


isolated singularity. 


3.3.1 Definition: Let z = a be an isolated singularity of the function f(z), then there exists a deleted 
neighbourhood of point z=a in which f(z) is analytic. Thus, if z is any point in this neighbourhood, 
then by Laurent’s expansion /(z) can be written as 


f(Z= > a,(z—a)" +¥8,(z-a)", 


where vb, (z—a)" is the principal part of the expansion of f(z) at the singular point z=a. 


n=l 


There are now three possible cases, discussed as follows. 


3.3.2 Removable Singularity: If the principal part of /(z)at z = a contains no term i.e. b, = 0, for all 
n, then the singularity z = a is called a removable singularity of f(z). In such a case, the singularity can 


be removed by defining the function at z = a in such a way that it becomes analytic there. For example, 


the function f(z) = alae 


is undefined at z = 0. Also, we have 
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sin Z : : : : 
Thus, contains no negative powers of z. If it were the case (0) #1, then z = 0 is a removable 
Z 


singularity which can be removed by simply redefining (0) =1. This function is purely analytic. 


3.3.3 Pole: If the principal part of f(z)at z =a contains a finite number of terms, say m,i.e. b =0 


for all n such that n > m, then the singularity is called a pole of order m. Poles of order 1, 2, 3 are called 
simple, double, triple poles. The coefficient b;is called the residue of f(z) at the pole a. 


Thus, if z=a is a pole of order m of the function f(z), then f(z) has the expansion of the form 


f(D= xa, (z-a)"+ >, (z-a)” 
b b 


2 m 


=$a,(z—a) +4 i a 
n=0 Z-a (z-a) (z-a)” 


|, +b (cad) 4nd (ay 4S aR ay" 
(z-a)” n=0 


__ 92) 


—@-ay 
where Q(z) is analytic for |z-a| < Rand ¢(a)=b, #0. Hence, if f(z) has a pole of order m at z = a, 
then |f(z)| 0 as z—>a in any manner, ie., an analytic function cannot be bounded in the 
neighbourhood of a pole. 
z—2 


For example, the function f(z) ~ (2-52-44) h 


as z = 5, z = —4 as poles of order two and three 


respectively. 


3.3.4 Isolated Essential Singularity: If the principal part of f(z)at z = a has an infinite number of 
terms, i.e.,b #Ofor infinitely many values of n, then the singularity a is called isolated essential 


singularity or essential singularity. In this case, a is evidently also a singularity of ex 
Z 
= 1 1 1 

For example, e? =1+—4 

: ge ier”. az 


+... has z= 0 as an isolated essential singularity. 


e..9 


3.3.5 Example: What kind of singularity has the function f(z) =— a 
z+ 


Solution: Poles of f(z)are given by z7+4=0 = z=+2i. Hence, z = 2i and z = -2i are simple 
poles i.e., poles of order 1. 
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3.3.6 Theorem: If an analytic function f(z) has a pole of order m atz=a, then has a zero of 


1 
f(z) 
order m atz =a and conversely. 

Solution: Suppose that the analytic function f(z) has a pole of order m atz =a. We shall prove that 

1 


has a zero of order m atz =a. By definition, f(z) is expressible as 


f(z) 
_ 2) 
a= 
Le, (z—a)" f(z) =z), (1) 
where Q(z) is analytic and ¢(a) #0. 
_ (z-a)" 
From (1), we get 7D = io (2) 


1 sete as 
Making z— a in (2) and noting that é(a) #0, we get Fo =0 as z— a. This implies that has 
Zz 


a zero of order m. Conversely, suppose that has a zero of order m, we shall prove that f(z) has a 


pole of order m. By definition, is expressible as 


1 F 
Ga 4 w(z) , (3) 


where y(z) is analytic and w(a) #0. 


From (3), we get (z—a)” f(z) = = . Taking ais = @(z) 
y(2Z) y(z) 
(z—a)" f(z) =4(2) (4) 
Since y(z) is analytic, therefore @(z) is also analytic and w(a)#0 => ¢(a)#0. The equation (4) 
,(Z) 
(z-a)” — 


Further, note that poles are isolated, since zeros are isolated. 


proves that f(z) has a pole of order m, since f(z) = 


3.3.7 Example: Show that e’” has no singularity. 


Solution: Here, f(z)= e"” = Poles of f(z) are given by e'” =0, which is not possible for any 


x el” . 
value of z real or complex. 


00 


; 2 1 
Now, zeros of f(z)are given by e'* =O0=e” sothat ——~=0 => z=0. 
Zz 
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Here, z is a zero of order two so that there is no singularity. Thus, we conclude that f(z) is free from 
any singularity. 
3.3.8 Example: Ifa function f(z) is analytic for all values of z and if |f(z)|= 5 >0 for some constant 


6 which is strictly positive, then prove that f(z) is constant. 
: ; 1 
Solution: Consider the function g(z) = Fo Since | Ff (z)| >6_ , therefore 
Zz 


ca. 
f(D) 6 


where M is any positive number. Hence, by Liouville’s theorem which states that, “ A function regular 
in all finite regions of complex plane and bounded is equal to a constant”. We have g(z) and hence 


J (Z) will be constant provided that g(z) is analytic for all values of z. This is so in view of the fact that 
F(Z) is analytic for all values of z. Hence the result. 


|g(z)|= 


c 


zZ-a 


3.3.9 Example: Find the singularities of the function f(z) = 


et —] 


, Indicating the character of each 


singularity. 


Solution: Here 


{B= ay = ie 


Zz 


eee ae ee 
e7-] exp 14¢2—4)-1 


2 2 
Ss fie oe +( is Hg silt Lefts 244 ee {14224} #., 
z—-a \z-a) |2 a a 


Clearly, this expansion contains positive and negative powers of (z -a). Moreover, terms containing 

negative powers of (z -a) are infinite in number. Hence, by definition, z = a is an isolated essential 

singularity. 

Again, f(2)=—— 
e*—1 
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N 


2nzi 


Evidently, denominator has zero of order one at e* = 1 = e””" ie. z =2nzia Thus, f(z) has a pole 


of order one at each point z=2nzia , wheren=0,+1,+2... 


3.3.10 Example: Find zeros and poles of 
z+1) 
f@= 


Caen 


Solution: Zeros of f(z) are given by f(z) =0 ie., 


z+l 


Zz +1 


re-( }=0 => (z+l)=0 => z=-1,-1. 


Hence, z = -1 is a zero of order 2. 
Poles of f(z) are given by putting the denominator of f(z) zero i.e., 
(2 4+l’=0 => (2t+i(z-i =0 ==> 2z=-i,-7,i,i. 
Thus, z =1 and z = -i are poles each of order 2. 
3.3.11 Example: Discuss the nature of singularities of the function f(z) =tanz. 


d sin Zz . : gh : 
Solution: We have f(z) = tan z =——— . Hence, to obtain the singularities of f(z), the denominator of 
COS Z 


F(Z) equating to zero, we get 
1 
cosz=0 => Ca less neZ 


= z=(4nt lS. eZ > z= (ntl), neZ 


Hence, z=(2n+ ee n€Z are the simple poles of f(z). 


3.3.12 Example: A function which has no singularity in finite part of the complex plane or at © is 
constant. 


Solution: Suppose that the function f(z) 


(i) has no singularity in the finite part of the z-plane. 


(ii) has no singularity at z= . 
Due to (i), f(z) can be expanded in a Taylor’s series about z =0 in the form f(z) = y a,z" , where z 
n=0 


is any point inside or on |z| =k , where kis an arbitrary positive real number, thus 


r(2)- ya,2" (1) 
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1 1 
From (ii), we note that f (2) has no singularity at z=0, so f (2) can be expanded in a Taylor’s 
Zz Zz 
series as 
1 Be ss 
i{t)-Ea Q) 
Ze n=0 
From (1) and (2), we get 


This is possible only if (i) a, =0=b Vn21 
(ii) a, =5, 


1 
This implies that f (+) =a, = 6,= constant and thus f(z) is constant. 
Zz 


3.3.13 Example: Show that a function which has no singularities in the finite part of the complex plane 
and has a pole of order n at z = «©, is a polynomial of degree n. 


Solution: Suppose that the function f(z) 
(1) has no singularity in the finite part of the complex plane, 
(ii) has a pole of ordernat z= . 


Due to (i), f(z) can be expanded in a Taylor’s series about z = 0 in the form of 


F@)=% a, Zz" 
Gees 
=> f\-|=S4,z (1) 
Zs m=0 


= 1 er 
From (ii), we note that f (=) has a pole of order n at z = 0 1.e., principal part of Laurent’s expansion of 
Zz 


1 
cA (4) contains only 7 terms. Thus, 
Z 


f(t) =F bo 24+ 36,2" (2) 


m=0 m=1 


From (1) and (2), we get 


=> a,=) 5,2" and a,=c, Vm suchthat 1<ms<n and a,,,=0 for y=1,2.... 
m=0 


Thus, (1) becomes 
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i (=) Sag Se)= a 


m=0 
This implies that f(z) is a polynomial of degree n. 


3.3.14Theorem (Limiting Points of Zeros): Let f(z) be a function regular in a domain D . Let 


(2 Aa © SOORO 6 be a set of points having a limiting point @ in the interior of D. If f(z)=0 at 


noes 


points @,,@,,....@,,..., it follows that either f(z) vanishes identically throughout the interior of D or 


n 


F(z) has an isolated essential singularity atz=a. 


Proof: Since /(z) is analytic so that it is continuous function having zeros at @,,@,,...,@,,... Thus, 


every neighbourhood of the point z=q@ containing zeros of the function. Therefore, z=a@ must be 
zero of f(z). 


But we know that zeros are isolated, therefore a@ cannot be a zero of f(z). Hence, f(z) must be 
identically zero. Now, considering the case f(z) #0, then z=a@ isa singularity of f(z). Hence, in this 
case the singularity is isolated but it is not a pole, since f(z) does not tend to o as z tends to @ in any 
manner, so that the limit point of zeros must be an isolated essential singularity of f(z). 


3.3.15 Remarks: The following two results are direct consequences of the above theorem. 


(i) Ifa function is regular in a region and vanishes at all points of a sub region of the given region, 
or along any arc of a continuous curve in the region, then it must be identically zero throughout 
the interior of the given region. 


(11) If two functions are regular in a region, and have identical values at an infinite number of points 
which have a limiting point in the region, they must be equal to each other throughout the 
interior of the given region i.e. If two functions, which are analytic in a domain, coincide in a 
part of that domain, then they coincide in the whole domain. For this, we take 


fA=f4Q-h . 


3.3.16 Limiting Point of Poles: Let f(z) be analytic except at a set of points which are poles say 


Cs Oeiryl having a limit point ‘@’in the region D. Thus, every neighbourhood of the point 


noe 


z=a-containing pole of f(z). Thus, z=qa@ cannot be a pole and it is not isolated (Since poles are 
isolated). Such a singularity is called non-isolated essential singularity or simply essential singularity. 


3.3.17 Example: Find the kind of singularities of the following functions 


(1) cou at z=aandz=o. 
(z—a) 
. 1 
(11) tan 4) at z=0 
Zz 


(iii) sin{ : Jas z=] 
= Z, 
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t 
Solution: (i) Here, f(z) = eid: = COS 7Z 


(za) sinzz (z—a)’ 
Poles of f(z) are given by (z—a)’ sinzz=0. 
=> (z-a)’=0or sinzz=0 
> - gaa “Or m=z; Wel tl a2. us 
> wea orzZ=n, neQstl 22... 


Obviously, z= is the limit point of these poles. Hence, z= is a non-isolated essential singularity 
as limit point of a pole is a non-isolated essential singularity. Also, z=a is a double pole of order 2. 


sin (+) 
(ii) Here, f(z) = tan( 2] = =Z Poles of F(Z) are given by cos (=) =0 
Z Z 


o(!) 


nt ee Pee 
Z 2 
1 
> zZ = ——_.,, n€0,+1,+2...... 


2nz+— 
o} 


Clearly, z = 0 is the limit point of these poles. Hence, z = 0 is a non-isolated singularity. 


(iii) Here, f(z) =sin (+) , zeros of f(z) are given by sin (+) =0 
IZ. 


-—Z 
1 
=> —e=nz, né€0,+1,+2...... 
1-z 


> 2 epee neé0,+1,+2.,..... 
nw 


Clearly, z =1 is the limit point of these zeros. Hence, z =1 is an isolated essential singularity 


3.3.18 Exercise: Find the poles of the following functions: 


(i) 


1 ” .. SINZ : 1 Zz 

u)zcotz 1 IV Vv 
@+p-) ) o z ( Te ( ie 
3.3.19 Behaviour of an Analytic Function near an Isolated Essential Singularity: As we know that if 
z =aisapole of an analytic function f(z), then |f(z)|> 0 as z— a in any manner. The behaviour of 
an analytic function near an isolated essential singularity is of much complicated character. The 
following theorem is a precise statement of this complicated nature of f (z) near an isolated essential 
singularity and this theorem is called Weierstrass theorem. 


3.3.20 Weierstrass Theorem: If ‘a’ is an isolated essential singularity of f(z), then given positive 
numbers /, ¢, however small, and any number K, however large, there exists a point z in the circle 
|z -a |</ at which| f(z) - K|<e 
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(or) 


In any neighbourhood of an isolated essential singularity, an analytic function approaches any 
given value arbitrarily closely. 


Proof: We first observe that if / and M are any positive numbers, then there are values of z in the circle 
lz - a| < / at which 


| f(z) PM (1) 
For, if this were not true, then we would have |f(z)|< M for |z—a|</. If the principal part in the 


any f(w) 


—dwand y is the circle 
2mi y(w-a)” 


Laurent expansion of f(z)about ais vb, (z—a)”", where b, = 
n=l 
|w-a|=r, r being sufficiently small, then 


“a y(w-a) 


a J(w-a)"" f(w) a 
Qn y 
<A ylaw 

W 7 


ee 2ar=Mr’. 
20 


By the result of the absolute value of a complex integral, this holds for all n >1and r, so that, making 
r—> 0, we find that 5, = 0 for n >1.This implies that there is no isolated essential singularity at z = a. 
But this contradicts the hypothesis that a is an isolated essential singularity of f(z). Thus, the observed 
result (1) is true, ie., “in the neighbourhood of an isolated essential singularity, f(z) cannot be 
bounded.” 

Now, let us take any finite, but arbitrary positive number K. There are now two distinct 
possibilities, either f(z) - K has zeros inside every circle |z - a| = / or else we can find a sufficiently 
small / such that f(z) - K has no zero for | z - a | </. In the first case, the result follows immediately. In 
the second case, choosing a sufficiently small /, we have 


|f(z)-K| #0 in | z-a| <i, so that 


1 
#2) =——— 
f(z)-K 
is regular for |z - a| </, except at a whereas we shall just see, #(z) has an essential singularity. 
We have f(z)= see 
o(Z) 


If ¢(z) were analytic at a, f(z) would either be analytic or have a pole at a. On the other hand, if ¢(z) 
has a pole at a, f(z)would be obviously analytic there. Thus, we reach at the contradiction and 
therefore, #(z) has an essential singularity at a. So, due to (1), given ¢> 0, there exists a point z in the 
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1 
circle |z - a | </ such that |A(z)| >—ie., 
E 


f (z)-K| <e Hence, theorem is proved. 


3.3.21 Remark: The theorem 3.3.19 helps us to understand clearly the distinction between poles and 
isolated essential singularities. While |f(z)|—> 0, as z tends to a pole in any manner, at an isolated 


essential singularity f(z) has no unique limiting value, and it comes arbitrarily close to any arbitrarily 
pre assigned value at infinity of points in every neighbourhood of the isolated essential singularity. 


3.4 Maximum Modulus Principle: Here, we continue the study of properties of analytic functions. 
Contrary to the case of real functions, we cannot speak of maxima and minima of a complex 
function f(z), since Cis not an ordered field. However, it is meaningful to consider maximum and 


minimum values of the modulus | ie (z)| of the complex function f(z), real part of f(z)and imaginary 
part of f(z). The following theorem known as maximum modulus principle, is also true if f(z) is not 
one-valued, provided | f(z)| is one-valued. 


3.4.1 Maximum Modulus Theorem: Let f(z) be analytic within and on a simple closed contour C. If 
| f(z)| <M on C, then the inequality | f(z)| <M holds everywhere within C. Moreover | f(z)| = M at a 
point within C if and only if f(z) is constant. 


In other words, | f(z)| attains the maximum value on the boundary C and not at any interior point of the 
region D bounded by C. 


Proof: We prove the theorem by contradiction. If possible, let | f(z)| attain the maximum value at an 
interior point z = zp of the region D enclosed by C. Since f(z) is analytic inside C, we can expand f(z) 
by Taylor’s theorem in the neighbourhood of pointzy as 


f(Z= da, (z—z,)" where a, ~saley® 
and y is the circle |z - zo| = r, r being small. 
We have |z-z,|=re” ie., =z, + re”, 0< @<2z. 
Also, 

Yl =fOF@ 


0 
n_inO = _,m __—imO 
=darve”™ Vare 
m=0 
20 00 
jae = _.nt+m__i(n—m)é 
=) dia,a,r"e 


Integrating both sides from 0 to 27 , we get 


ad 2 _ —— = eee i(n—m)0 
{fof ao=% Saar fe 


0 


=3Ja,/ 1” 2x, (1) 
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Qe 0 ifn# 
where [ ed = | POG 


0 


From (1), we have for n =0, 
i f(a dO=la,)° 27 
and putting z = zpin this, we find 
{|e d0=|a,) 20 
= [ff [40 =a 22 


=|/@)[ 24 =|a,/ 27 => | ff =la,) (2) 
Also, since f(z) has maximum value at z = Zo, so 


If) <|f(z,)F =a,’ 


Hence from (1), we get 


0 2 5, | % 2 
¥ la, re" =— fF |faf ao 
n=0 2a 0 


1 22 2 
<— | [fe ff a 
TT 0 
| 
= 5 [as [ 2x =|a,/ 


Thus, a, + la,| r+ la, rts la,| for positive values of r. 


Hence, |a,]=|a,|=|a,|=...=0 


1.€., a, =a, =a, =...=0. 
Which implies /(z) = ao = constant. 
Hence, | f(z)| cannot attain a maximum value at an interior point of D which is a contradiction to our 


supposition. Also| f(z)| attains a maximum value at an interior point of D if it is constant and in that 
case, | f(z)| = M throughout D. 


3.4.2 Minimum Modulus Principle: Let f(z) be analytic within and on a simple closed contour C and 
let f(z) #0 inside C. Further suppose that f(z) is not constant, then | f(z)| cannot attain a minimum 
value inside C. 


Proof: Since f(z) is analytic within and on C and also f(z) #Oinside C, so is also analytic 


Zz 


cannot attain a maximum value 


within and on C. Therefore, by maximum modulus principle, 


inside C which implies that | f(z)| cannot have a minimum value inside C. 
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3.4.3 Theorem: Let f(z) be an analytic function, regular for |z| < R and let M(r) denote the maximum 
of | f(z)| on |z| =r, then M(r) is a steadily increasing function of r for r < R. 


Proof: By maximum modulus principle, for two circles 
|z| =r, and |z| = 72, we have 

|f(z)|< M(r), where r< rp 

which implies M(r,) < M(r,), ri< 12 

and = M(r)) = M(r2) if f(z) is constant. 


Also M(r) cannot be bounded because if it were so, then /(z)is a constant (by Liouville’s theorem). 
Hence M(r) is a steadily increasing function of r. 


3.4.4 Schwarz’s Lemma: Let f(z) be analytic in a domain D defined by |z| < R and let |f(z)|< M_ for 


all z in D and f(0) = 0, then WAGs) S =k 


Also, if the equality holds for any one z, then f(z) = me where q@ is real constant. 


Proof: Let C be the circle |z| = r <R. 


Since f(z) is analytic within and on C, therefore by Taylor’s theorem 
f@= oy a,z" at any point z within C. 
n=0 


ie, f(z)=a,+azt+az t+... 
Under the assumption f (0) = 0, we get ao = 0 


. f(2=az+a,2 +a,7 +... (1) 


Let g(zy=L2) (2) 
Z 


then we have 
g(z)=a,+a,z+4,z +... (3) 


The function g(z) in (2) has a singularity at z = 0 which can be removed if we define g (z) = a; for z=0 
i.e. g (0) = a;. Now, g(z) is analytic within and on C and so by maximum modulus principle, | g(z)| 
attains maximum value on C, say at z = Zp and not within C. 


Thus, |Zo| = 7<R and 


|g(z,)| = een = max .value of |g(z)| 


<<! a) 
r 


2 


and thus for any z inside C, we have 
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M M 
<— > Vacs) <—|z| (5) 
r r 
This inequality holds for all 7 such that r< R. 
Now, L. H. S. is free from 7, making r > R in (5), we find 
f(D) <= f V z such that |z|< R . 
Also, from (4), we note that for the point zp on C, 
M 
7) = —|z,| 
i 
Makingr > R, we get 
M 
If (z,)| a Fal 
Moy ; 
ie., f(Z) Sa 0 for z lying on \z| =R. 
Which proves the result. 
3.4.5 Remarks: 
(i) If we take M = 1, R = 1, then Schwarz’s lemma takes the form as follows, “If f(z) is analytic 
in a domain D defined by |z|<1 and |f(z)|<1 for all z in D and f(0) = 0, then |f(z)|< |z]. 


Also if the equality holds for any one z, then f(z) =ze”, where q isa real constant.” 


(11) In view of the power series expansion, 


2 


Z 
f(Z) eT ge we 
We get 
f() z 
——= f'(0)+— f"(0)+... 
‘ f'%) D f"(0) 
where we have assumed that f(z) satisfies the conditions of Schwarz’s lemma so that 


f@| M 
z | R 


This implies that 


M 
oo 
R 


ro ros pee 


; ; M 
By setting z = 0, we obtain f '(0) = 
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<M onthe circle and f(0) =a 


where 0 <a<m. Then 
M|z|+a |+a 


fo) =u ae|+M 


inside the circle. 


For its proof, we consider 


f(z)-a 

z)=M —— 

HZ) a f(z)-M* 
Then, @(0)=M O56 oj | eee 


a f(0)—M’ a —M° 
Also, @(z)is regular at every point on the unit circle. 


-| f@=a |. 


a f(z)-M*| 


Thus, ¢(z) satisfies all the conditions of Schwarz’s lemma. 


| M-a 


Therefore, 
Jel Ae 


which gives 
M M(z|+a |+ a 


WZ iSMa alee 


3.5 Meromorphic Function: A function /(z) is said to be meromorphic in a region D if it is analytic 
in D except at a finite number of poles. In other words, a function /(z)whose only singularities in the 
entire complex plane are poles, is called a meromorphic function. The word meromorphic is used for the 
phrase “analytic except for poles”. The concept of meromorphic is used in contrast to holomorphic.A 
meromorphic function is a ratio of entire functions. Rational functions are meromorphic functions. e.g 
z—l z+1\(z-1 
(Qe) ee 
24227 +2 2(z°+2z° +1) 
GES). Carlet) 
2(z +l) z(z+i)*(z-i) 


has poles at z = 0 (simple), at z=+i (both double) and zeros at z=+1 (both simple). Since only 
singularities of f(z) are poles, therefore /(z) is a meromorphic function. 


Similarly, tan z, cot z, sec z are all meromorphic functions. 


3.5.1 Remark: A meromorphic function does not have essential singularity. 
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3.5.2 Theorem: Let /(z) be analytic inside and on a simple closed contour C except for a finite number 


of poles inside C and let f(z) #0 on C, then eB f'@) dz=N-P. 
Qnic f(z) 


Where WN and P are respectively the total number of zeros and number of poles of f(z) inside C, a zero 
(pole) of order m being counted m times. 


Proof: Suppose that f(z) is analytic within and on a simple closed contour C except at a pole 
z = a of order p inside C and also suppose that f(z)has a zero of order n at z = b inside C. 


Then, we have to prove that 


MAP O) a 
Qnic f(z) 


Let y, and 7, be the circles inside C with centres at z = a and z = b respectively. 


w= p 


Then, by cor. to Cauchy’s theorem, we have 
1 fOg 1 fOg,1 fOg 
2nic f(z) 2ni >, f(z) 2ni7, f(z) 
Now, (2) has pole of order p at z = a, so 


(1) 


f= an ; (2) 


where g(z) is analytic and non-zero within and on y,. Taking logarithm of (2) and differentiating, we 
log f(z)=log g(z) — plog(z — a) 
Differentiatingw.r.t. z, we get 
et, ft) _g@)__p_ 
f(z) gz) z-a 


On integrating along y,, we have 


fg) dz 
PM gs 2 eg (— 3 
Lie a ee ©) 
gz) 
g(Z) 


Since is analytic within and on y,, by Cauchy theorem, 


ee -o. 
n 8(Z) 
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) 


Thus, (3) gives { EN) ype pais (4) 
n f(2Z) 
Again, f(z)has a zero of order n at z = b, so we can write 
f(z) =(z—-5)' 2), (5) 


where @(z) is analytic and non-zero within and on T;. 


Taking logarithm, then differentiating, we get 


f@_ 2 ¢@ 
f@) 2-6 ge) 


£2 dz. bz) 
~—— dz =n| —— + | —~dz 6 
=a Fy eB ae) ©) 


o(Z) . 
( 


is analytic within and on 77, therefore | 22) x = 0 and thus (6) becomes 
T, Z 


Since 


(Lae o 


Writing (1) with the help of (4) and (7), we get 
1 fe 
2nmic f(z) 


Now, suppose that f(z) has poles of order p», at z = am for m = 1, 2,...,r and zeros of order n», at z = by 


dz=-p+n=n-p (8) 


for m= 1, 2,...,s within C. We enclose each pole and zero by circles y,, 7,,.....v, and T), To, ..., Ts. 
Thus, (8) becomes 


L (LO geo$n, Sp, 


Tie F(Z) m=l 
Taking si n, =N, x P,, =P. , we obtain 
m=1 m=1 


=! r 5 dz = N —P.. Which proves the theorem. 
Alc Z, 


3.5.3 Theorem (Argument Principle) : If f(z) is analytic inside and on a closed contour C and does 
not vanish on C. Then, 


N= Adare £@) 
[a 


where NV stands for the total number of zeros of f(z)inside C and A, represents the variation (change) 
of log f(z) around the contour C. 


Proof: “weknow tak jt SL (1) 
Qnic f(z) 
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where WN and P are respectively the total number of zeros and number of poles of f(z)inside C . In the 
present case, f(z) is analytic and has no pole inside C, therefore P = 0 . Hence, equation (1) becomes 


| £04 -na (Lx =r 
2Qnic f(z) c f(z) 


= 2niN =[log f(zZ)], =A-log f@)] (2) 


Where A. stands for the variation of log f(z) as z moves once around the contour C. 


Since z=x+tiy=re” 
= logz=logr+id 
=> logz=logr+iarg f(z) 


Therefore, we have 
log f(z) =log|f(z)|+iarg f(z) . 
Hence, A-[log f(z)] =A, [log|f(2)|]+i A-larg f(@)] 


But A, [ log |/(2)| | =0. Since log If) is single valued 1.e., it remains as it is, as z goes once around C. 


Thus, we get 
A_[log f(z)]= 7 A-[arg f(2)]. 
Therefore, from equation (2), we obtain 


2aiN = iA.[arg f(z)] 
=> N= A [arg £2) 
1 


Which proves the theorem. 


3.5.4 Rouche’s Theorem: If f(z)and g(z) are analytic inside and on a closed contour C and | g(z)| <| 
f(z)| on C, then f(z) and f(z) + g(z)have the same number of zeros inside C. 


Proof: First we prove that neither f(z)nor f(z) + g(z) has a zero on C. If f(z) has a zero at 
z=aonC, then f(a) =0 
Thus, 
Ie@<|f@|_ > |g@|<|f@|=0 
=> g(a)=0 = |f(a@)|=|g(@) 
Le. | f(Z)| = |g(2)| at z = a, 
which is contrary to the assumption that | g(z)| <| f(z)| on C. 
Again, if f(z) + g(z) has a zero atz = bonC, 
then f(b)+ g(b)=0 = f(6)=—g() 
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i.e. | f(b)| =| g(d)| 
Thus, neither f(z)nor f(z)+ g(z) has a zero on C. 


Now, let V and N' be the number of zeros of f(z) and f(z) + g(z)respectively inside C. We are to 
prove that N=N'. Since f(z) and f(z) + g(z)both are analytic within and on C and have no pole 
inside C, therefore by the argument principle 
soy iy = N-P, with P =0, gives 
2nic Bi 
1 


pLaen, at ES yan 
Lilie f j 


2nmic ft+g 


Subtracting these two results, we get 


[Ae Ol e=NeN 


2nic 


FS (1) 
Let us take 
H2)= E50 that g=fo¢ 
Now, gl<|f| > |E}<lie, f<l 
Site! fe S'O+ fo _ f'0+0)+ fo" 
fre f+fo fd+9) 
Mew 
f 1+¢ 
fe TE Oe (2) 
fre of Tae 
Using (2) in (1), we get 
ete DOs Cea 
N erm er car, 3) 


Since we have observed that | ¢|< 1, so binomial expansion of (1 + ¢)'is possible and this expansion in 
powers of gis uniformly convergent and hence term by term integration is possible. 


Thus, 
[p+ gy de =[9'1-b+ — +...)dz 


= [pide — [bp'de + | 9'p'de Hesse (4) 


Now, the functions f and g both are analytic within and on C and f #0, g#0 for any point on C, 
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therefore ¢ =e is analytic and non-zero for any point on C. Thus, @and it’s all derivatives are analytic 


and so by Cauchy’s theorem, each integral on R.H.S. of (4) vanishes. Thus 
[p+ 9) dz =0 
and therefore from (3), we conclude N'— N =0 1.e., N = N' . Which proves the theorem. 
3.5.5 Example: Determine the number of roots of the equation 
z® -47° +z" -1=0 
that lie inside the circle |z| = /. 


Solution: Let C be the circle defined by |z| = J. Let us take f(z)= z*- 42°, g(z)= 27-1. 


On the circle C, 
g(z) : z—l lz| +1 
Fol [eae] ef a2 
1+1 2 + 2 
= 7 = =—<l 
4—|z| 4-1 3 


Thus |g(z)|<|f(z)| and both f(z)and g(z)are analytic within and on C, Rouche’s theorem implies that 


the required number of roots is the same as the number of roots of the equation z*® - 4z° = 0 in the region 
|z| < 7. Since z*— 4 #0 for |z| < 1, therefore the required number of roots is found to be 5 


3.5.6 Example: Determine the number of roots of the equation 
z' -47°+z-1=0 
that lie inside the circle |z| = /. 


Solution: Let C be the circle defined by |z| = 1. Let us take f(z)=-4z’, g(z) = z’+ 2-1. 


On the circle C, 


gt) 
F(Z) 


Thus, | g(z)| < | f/(z)| and both f(z) and g(z) are analytic within and on C. Rouche’s theorem implies 


z+ z-]|_ |z| +|z|+1_14141_ 3 
eh a ee 
42" 4\z) 4.1) 4 


that the required number of roots is the same as the number of roots of the equation f(z)= 0 in the 
region |z| <1. Since f(z) has three zeros, counting multiplicities, inside the circle |z| = 1, so does 
f(z)+2(z). Thus, the given equation has three roots inside the circle |z| = 1. 


3.5.7 Example: Prove that all the roots of the equation 
z'-5z°+12=0 
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lie between the circles |z| = land |z| = 2. 


Solution:(i) Consider the circle C; defined by |z| = 1 and suppose that f(z)=12 and g(z) = z’-5z’. 
Thus, f(z) and g(z) are both analytic within and on C,. 


Also, 
7 3: 
g(2)| _|z’-52'|_ 2] +52] 145_ 6 1 
f() 12 12 12. < 12s °2 
g2)| 4 
f(z) 


Thus, | g(z)| < | f(z)| and both f(z) and g(z) are analytic within and on C;. Hence, by Rouche’s 
theorem, f(z)+g(z) ie., z’ - 5z° + 12 has the same number of zeros inside C; as f(z). But f(z) has 
no zero inside C;, which implies that z' -5z>+ 12 =0 has no zero inside C). 

(ii) Consider the circle C2 defined by |z| = 2 and suppose that f(z)=z’ and g(z) =-5z’+12.Thus, 


F(z) and g(z) are both analytic within and on C>, Also, 


3 
g(z)|_|-5z"+12|_ 5|z| +12 _5(2)' +12 _ 52, 
f(z) Z \z|' oF 128 
_ |s@ 
F(Z) 
Thus, | g(z)| < | f(z)| and both f(z) and g(z) are analytic within and on C>. Hence, by Rouche’s 


theorem, f(z)+g(z)i.e., z’ - 5z° + 12 has the same number of zeros inside C> as f(z). Since f(z)=z’ 
has 7 zeros inside C>, therefore z’ - 5z* + 12 = 0 also has 7 zeros inside C>. From these two results, we 


conclude that the given equation has all its roots between C; and C>. 


3.5.8 Example: Use Rouche’s theorem to prove that the equation e’ =az" has n roots inside the 


circle |z|=1 , where a>e . 


Solution: Let C denotes the circle |z/=1. Let us take f(z)=az" and g9(z)=—e° . So, the given 


equation is of the form /(z)+g(z)=0 . We note that f(z) and g(z) are both analytic within and on C. 
Further, 
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: é gaa es 
g@)|_|-e'|_ le] _ ! 
f(z)| |az lal|z | lal|z"| 
"| 
1+|z|+—1+ 
2! 
alz| 
tii 
Bees (ie hae ee er 
a a 


=> |g@<|f@) - 
Hence, by Rouche’s theorem, f(z) and /(z)+g(z) have same number of zeros inside |z|=1 . But f(z) 


has n- zeros and consequently, the given equation has n roots inside |z|=1. 


3.5.9 Theorem (Fundamental Theorem of Algebra): Every polynomial of degree n has exactly n 
Zeros. 


Proof: Let us consider the polynomial a,+a,z+4,z'+..+a,z", a, #0 
We take f(z)=a,2", g(z)=a,+az+az +..+4,,2"" 
Let Cbe a circle |z| = 7, where r > / 
F@|=|4.2"|=I4,]" 
Now, |g(2)| S|a,|+|a,|r+a,|r? +....+]a,_|r" 
<(ja,|+|a,]+|a,|+....+a,_,)r"" 


Therefore, 


3 (|a,|+|a,|+...+|a,_.|)r"" 


a2) 
f (2) 


la |r" 
n 


(|a,|+|a,|+...+ la,.}) 


a,|7 
n 


Hence, 


g(z)|<|f(2)| , provided that 


Lec7> oe (1) 


Since r is arbitrary, therefore we can choose 7 large enough so that (1) is satisfied. Now, applying 
Rouche’s theorem, we find that the given polynomial /(z)+g(z) has the same number of zeros as f(z). 
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But /(z)has exactly n zeros all located at z = 0. Hence, the given polynomial has exactly n zeros. 
3.6 Inverse Function: If /(z)= w has a solution z = F(w), then we may write f {F(w)} =w, 
F{ f(z)} =z. The function F defined in this way, is called inverse function of f. 


3.6.1 Theorem (Inverse Function Theorem): Let a function w = f(z) be analytic at a pointz = z9 

where f'(z,) #0 and wo = f(z,). Then there exists a neighbourhood of wo in the w-plane in which the 

function w = f(z) has a unique inverse z = F(w) in the sense that the function F is single-valued and 
1 


f'@) 
Proof: Consider the function f(z)—w,. By hypothesis, f(z,)—w, = 0. Since f'(z,)#0, f is not a 


constant function and therefore, neither f(z)—w, nor f'(z) is identically zero. Also f(z)—w, is 


analytic in that neighbourhood such that F(wo) = zoand F''(w) = 


analytic at z = zgand so it is analytic in some neighbourhood of zo. Again, since zeros are isolated, 
neither f(z)—w,nor /'(z)has any zero in some deleted neighbourhood of zo. Hence, there exists ¢> 0 


such that f(z) —w, is analytic for |z-z,|< ¢ and 
f(2Z)—w, #0, f(z) #0 for 0<|z—-z,|<e. 
Let D denote the open disc 
{z: |z-z,|<e} 
and C denotes its boundary 
{Zi lz—z,|=<¢ }. 
Since f(z)—w, for |z—z,|< e, we conclude that | f(z)—w,| has a positive minimum on the circle C. 
Let 
min | (2) -w,|= mand choose 6 such that 0 <6 <m. 
We now show that the function f(z) assumes exactly once in D every value w; in the open disc T= 


{w: |w- w,| <6 }. We apply Rouche’s theorem to the functions w,—w, and f(z)—w, . The condition 


of the theorem are satisfied, since 


Jw, —w,|<d<m= min|f(z)—w,|<|f(z)-»,| on C. 
zeC 


Thus, we conclude that the functions 
f(z)-w, and (f(z)-w,) cs (wy, —w,) a f(z)-w, 9 


have the same number of zeros in D. But the function f(z)—w, has only one zero in D i.e. a simple 
zeros at Zo, since 


(f(Z)—m)'= f (2) #0 at Zo. 


Hence, f(z)—w, must also have only one zero, say z; in D. This means that the function /(z)assumes 
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the value w, exactly once in D. It follows that the function w = f(z) has a unique inverse, say z = F(w) 
in D such that F is single-valued and w = f {F(w)}. We now show that the function F is analytic in D. 
For fix w; in D, we have f(z) = w; for a unique z, in D. If w is in T and F(w) = z, then 


FO) EW) ZZ, 
ww, F(Z)-f(&) 


It is noted that T is continuous. Hence, z—> z, whenever w—>w,. Since z, €D , as shown above / (z,) 


(1) 


exists and is zero. If we let w— w,, then (1) shows that 
1 
f') 


Thus, F''(w) exists in the neighbourhood T of wo so that the function F is analytic there. 


F'(w)= 
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4.1 Calculus of Residues: We know that in the neighbourhood of an isolated singularity z=z,, a one 


valued analytic function f(z) may be expanded in a Laurent series as 


f(z) = La,(z-z,)" +28,(2—-2,)" 


The coefficient bof in the Laurent series is called the residue of the function f(z) at the isolated 


ZZ 
singularity z,. We shall use the notation 


b, = Res(f(2),z,)= Res(z =z, )to denote the residue of fat Zo. 
Therefore, Res(f(z),z,) = 5, = ae | f(2)dz, 
27h 


where Y is any circle with centre z = z, , which excludes all other singularities of f(z). 


4.1.1 Computation of Residues in some special cases: 
4.1.1.1 Residue at a Simple Pole: (i) If f has a simple pole atz =z, then Res(f(z),z, ) = lim(z—z,) f(z). 


Proof: Since f has a simple pole at z = z, , its Laurent expansion convergent in annulus 0 < lz—z,| <i 


has the form 


(CO ae i eae Z))+a5(Z- Z5). +.. 


(Z-Z)) 
Where}, # 0. By multiplying both sides of this series by(z—z,) and then taking the limit as z > z,, we 
obtain 


lim(z — z,) f(z) = lim[b, + a,(z —z,) +. @,(z- 2)" +...]=5, = Res(f(z),zZ,)- 


(ii) If f has a simple pole at z = z, and f(z) is of the form f(z) = me) i.e. a rational function then 
y(z 


Res(fie),25) = lim(2— 24) fla) = lim(z—2,) ap 
— him 22) = P20) 
29% W(Z)—W(Zy) y'(z,) 

(2-2, ) 


where y(z, )=0, w'(z, ) #0, since y(z) has a simple zero at z= Zo. 


4.1.1.2 Residue at a Pole of Order n: If fhas a pole of order n at z = Zo, then 


Res(f(Z),2) = 


é sulin mle Za Fe) 


114 Section-IV 


Proof: Because f is assumed to have pole of order n atz=z,, its Laurent expansion is convergent 


inannulus 0 < \z i Z| < R and must have the form 


b b 
= ! ~ +a, +4,(Z—2))+4,(Z—Z) +... 


n a + en AD + 7. AL 
(z-z zy (z-z) (2-%) 
where b, # 0. We multiply the last expression by (z-z,)”, 


f@= 


(z-z,)" f(z) =6b, +...4b,(2-2,)"? +b (z-2)" | +a)(2-2)" +a,(z-2,)"" + 
and then differentiate both sides of the equality (n-/) times, we have 

- — ae 2)" f(z) | =(a-1)!b, + nla, (z—z,) +... 
Since all the terms on the right hand side after the first involve positive integer powers of (z-zo), taking 


the limit as z tends to zo, we get 


n-1l 


lim 


Inne 2) FI 


n-1 


1 d 
(n fier dz"! 


Res(f (z),Z)) =b, = [(z- 2)" F(Z], 


which is the required result. 


4.1.1.3 Residue at infinity: If f(z) is analytic or has an isolated singularity at infinity and if C is a circle 
enclosing all its singularities in the finite parts of the z-plane, the residue of f(z) at infinity is defined by 


Res(f(z),©) = = | f (2) dz= —Coefficient of b; in expansion of function f(z). 
Ri, 


Also, Res(f(z),«©) = — {Sum of residues at all finite singularities} 
4.1.2. Remarks: (i) The function may be regular at infinity, yet has a residue there. 


For example, consider a function f(z) = 
Zz — 


Since, Res(f(z),©) = fed = ala 
Anh 201.2 a 


iO - 
ie 2 1 46 = b 
2ni-o re’ 27 °0 


where C being the circle |z—a|=r. 
ae ’ ; ee | 
Also, z=a is a simple pole of f(z) and its residue there er | f@dz=b 
a 


Thus, Res(/(z),0) = — Res(f(z),a) = —b 
(ii) If the function is analytic at a point z = a, then its residue at z = a is zero but not so at infinity. 
(iii) In the definition of residue at infinity, C may be any closed contour enclosing all the singularities 


in the finite parts of the z-plane. 
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4 
4.1.3 Example: Find the residue of = pate = ud, 
z +a 
74 
Solution: Let /(z)=~—, 
Zz +a 
Poles of f(z) are z = +ia. Thus z = —ia isa simple pole. 


So, Res (f(z), —ia) = lim (z+ia) f(z) 


4 


= lim(z+ia) - z - 
z>-ia (z+ia)(z-ia) 


j Zz (-ia)’ _ia 
= lim = =—_., 
z>-ia (z = ia) —2ia 2 


4.1.4 Example: Find the residue of e”z~ at its poles. 


iz 


Solution: Let f(z) = = .Then, f(z) has a pole of order 4 at z = 0. So, 
Zz 
Res(f(z),0) ae ees 
Z), oa = Fi 
3/290 dz? 6 


Alternatively, by the Laurent’s expansion, we can find residue of f(z) as the negative of coefficient of 
1/z. 
2 
4.1.5 Example: Find the residue of ay at Zz = 0, 
2 
Solution: Since z = /, —/ are the simple poles. Thus, 


Res(f(z),1) =lim(z-) f(z) 


3 
i, 1 
=lim =— 
zAz+1 2 


Res({(z), - 1) = lim (z+) f(z) 


As we know, 


Res(f(Z),0) = — [Res (f(z), ) + Res(fZ),-1)] 


=- ee =-l. 
an 2 


Alternatively, by the Laurent’s expansion, we can find residue of f(z) as the negative of coefficient of 
1/z. 


116 Section-IV 


4.1.6 Example: Find the residue of 5 at its pole. 
(2-1) (z-2)(z-3) 


3 
Z 


Solution: Let f7zZ)=—————————— . Poles of f(z) are given by z = 1,2,3; where z = / is a pole of 
S@ (2-1)"(z-2)(2—3) S@) are g y iy 


order 4 and z = 2 and z = 3 are simple poles. 


3 


Therefore, Res(/7z),1) = # eran ue Le) =a 
; ~ = 


Resolve g(z) into partial fractions, we get 
p(z) =(z + 5) + zal 
(2-2) (2-3) 
8 27 
Gal) G3) 
-16 54 
+ 
(222) 223) 
48 162 
CG 


pz) =1+ 


p"(Z)= 


303 _ 101 


Res(f(z), 1) = er 


7 


Rea(f(z).2) ~lim(z-2)f(2)= lim — - 3) 


27 
233 (Z— 7 (z-2) 16° 


eee IZ 


Res(f(z),3) = lim(z— 3) f(z)= lim 


4.1.7 Example: Find the residue of f(z) = 


TH COS 1Z 


20° : 
Z SINTZ 


We note that f(z) has a double pole at z = 0 and simple pole at z = n; n = +1, +2, +3,... 


Solution: Here f(z) = 


TH COS 77Z 


2 
Therefore, Res(f(z), n) = = = z 
7 COS Zz n 


Z=n 
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1 COS MZ _ 


“(1-4 2 


S 
Z sinmz n mz 
Z| aZz— 


2-2: 
a{I- : £ | 
i DF 1D! 
zn 1- va] 
if 22 : an 202 ; a 
=e La +0(z’) -[ 31 — o(Z | 
1 wz 27? 
=—>|1- +o(z*) || 1+ ; o(z +. 
Z 
ly 2 
= —| Coeff .of z +...| 
wk 
3972" n*2? mz? 
Coeff .of z* = = 
aaa 3 


Also, by definition, Res(f(z),0) = Coefficient of a = ; 
Z 


4.1.8 Exercise: Use an appropriate Laurent series to find the residue of the following: 


() 2) =p Res(fl2), 1) 


(ii) f(z) = Faye Res fz), 0) 


(iv) fz) =(@ + 3)?sin (~) Res(ftz), —3) 
(v) fiz) =e72/2" Res(f{z), 0) 
(vi) f(z) = Resta), 2) 


4.1.9 eee find residues at each pole of the given function 


4Z+8 


i) fiz)= Paid li) f(z 3 ee 1 
(iii) fiz)= — = oe Se 
0) f2)=aeps Wi f2)= 
(vi) fiz) =secz 
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4.1.10Theorem (Cauchy Residue Theorem):Let f(z) be one-valued and analytic inside and on a 
simple closed contour C, except for a finite number of poles within C.Then 


| f (2) dz = 2ni[Sum of residues of f(z) at its poles within C]. 
Cc 


Proof:Let aj, a2,...., An be the poles of f(z) inside C. Draw a set of circles Y, of radii ¢ and centre 
a, (vr = I, 2,..., n) which do not overlap and all lie within C. Then f(z) is regular in the domain 
bounded externally by C and internally by the circlesY,. 


Then by cor. to Cauchy’s theorem, we have 


| fa@de=>. | f@az. 


r=ly, 


Now if a,is a pole of order m, then by Laurent’s theorem, f(z) can be expressed as 


m b 
f (2) = D(z) + —e 
da) 
where ®(z) is regular within and on Y, . Then, 


Bhd 
J f (dz = » | = : ; dz 


where | @(z)dz = 0 by Cauchy’s theorem. 
Y,. 


0 


Now, on Y , we have, |z-a,| =ei.e.z=a,+ €é 


Thus, dz = €ie““d0,where 6 varies from 0 to 27 as the point z moves once round Y,. 


[ fed =>b, [ia 
Y, s=l 
2zib, 


| 


0,if s #1 


= 2ni| Residue of f(z) ata, | , where [rae 7 : ifs =1 
nif s = 


Hence, from ().[ £2 dz= Y 27 Re sidueof f(z) at a, | 


= anid [Re sidueof f(z)ata, | 


=2zi [Sum of residues of f(z) at its poles inside C]. 
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4.2 Evaluation of Real Trigonometric integral: In this section, we shall see how residue theory can be 
used to evaluate real integrals of the following forms: 


i) he F(cos@, sin@)d@ 
ai) fo f(x)dx 

(iii) ae cosax dx 

(iv) fee sinax dx, 


where F and fare rational functions. For the rational function f(x) = p(x)/q(x), we will assume that 
the polynomial p and q have no common factors. 


Integrals of the form{-” F (cos@,sin@)d@: The basic idea here is to convert a real trigonometric 
g 0 g 


integral into a complex integral, where the contour C is the unit circle | Z | = 1 centered at the origin. To 
do this, we parametrize this contour by z= e'® , 0 <@< 2r. 


We can then write 


el94 eid elf_ eid 


dz =ie'"d@ , cos 0 = , sin 0 = 
Since dz = ie!°d@ = iz d@ and z~! =+=e- , these three quantities are equivalent to 
. q q 


1 -1 


dO = ghee ,sin@ =—— . Thus, we get 
iz 
7 z+z z—-z’ \a& ace 
| F (cos0, sind) d@= [F 5 5 —, where C is the unit circle | Z | = 1. 
: - iz 


4.2.1 Example: Evaluate | _—— , where a>0. 
° a’ +sin 0 


Solution: Let I=[~ ee 
° a +sin O 


2a a 
og ). = 
if re ee P= 


a 1 2a Ua 2a 
= d0= do 
F 2a’ +2sin’? 0 J 2a’ +1—cos20 


Putting z =e", such that dz = e“idt, we get 


2 
¢2(2a* +1)+(z+2") 2? —2(2a°+1)z+1 


C 


or I =2ail f(z)dz , where C is unit circle| z| =7. 
Cc 
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Now the poles are given by z* —2(2a’ +1)z+1=0 
ie.z =(2a? +1)+2aV(a@ +1) 
we take a =(2a? +1) +2a,/(a@ +1) 
B = (2a’ +1) —-2a,f(a* +1) 


Thus, the poles are z=a,f 


Clearly, 


ar| > land since jap| =|l> \2| <1. Thus, f(z) has only one simple pole z = f that lies within C. 
1 —] 


p-a@ ; 4a,/(a’>+1) 


Res( f(z), B) = Res(z= f)= lim(z— B)I{2) = 


Hence, by Cauchy’s Residue Theorem 
| f(@)dz =2zi [Sum of residues off(z) at its poles within C] 
G. 


—1 a 
=27i = ; 
| J(a’ +1) 
4.2.2 Example: Prove that I gees = at ; 
° at+bcosd a’ —b’ 
do =|" 2d0 
0 2a+b(e’+e) 


a>b>0. 


2a 
Solution: Let I= 
9 a+bcosé 


Put z=e" => dz=ie"’dd. 
1 
Therefore, I= =(.f@ dz, where f(z)=—— "where C is unit circle/z/=1. 
i 


raage nee ey 
b 


-a+vVa’ —-b’ —a-Va’-b* 


Poles of f(z) are given by z= a= 5 and z= B= 


Since |A|>land|aB|=1=>]a\<1 [-a>b>0] 


So, z=q is the only pole lying within C. 
Res(z = a) = lim(z— @) f(z) = lim(z— @) : 
Za Za 2 2az 
Zp] 
b 
2-0 1 


1m — = b 
a(z—ay(z—-B) a-B Wa? -b 


Hence, by Cauchy residue theorem, 
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Therefore, from (1), we get 


_ 2 inb 20 


pepe EER 
cos 20 
5+4cos@ 


4.2.3 Example: Prove that ihe 


2a 


cos20 


Solution: Let I = I a 
+4cos 


0 


i20 
= real part of [ : gee 


= real part of Spacer) 


= real part of a f(2)dz, 
1 Cc 


2 


2 
Z 


Zz 


here = — 
WO ea ED) 


, where C is unit circle | z| 


Poles of f(z) are given by z = 2,5 .S0Z= = lies within C. 
Res| z= = z+ z 
2 2 


= rere zi 
ee ee) 


: ag 
= lim ————_——_——_— 
os (2z+1) (z+2) 


a 
Zz 
2. 


So, using Cauchy residue theorem, we have 


5 


I= real part Pore = 
i 2 6 


non 


a 
2 


2n(-1 
dd= 
l-a 


cosn@ 


2a 
4.2.4 Example: Prove that fs [= Beas 
+2acosO0+a 


integer. 
2x cosn@ 
1+2acosO+a’ 

e”” do 
1+2acos0+a’ 


Solution: Let I = I do 


0 


2a 
= real part of |. 


=f 


where a’ <1 and n is a positive 
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eae Peer ef” re dz 
a aa l+a(z+z')+a’ iz 
z"dz 


= real part of : 
aEe 


1 
(zt+a)Z+-) 


n 


Z 


= real part vee I. Sf (2)dz wwhere f (z) = , C is unit circle [Z| =A 
ai 


(z+a)(z+—) 
a 


Poles of f(z) are given by z = —a, ya 
a 


So z = —aisa simple pole lying within C, Pe a’ <limplies a<1 and Z > i) 
a 


n _4)\2 n+1 
“. Res(z =—a) = lim(z-+a) +=! 1) ia 
- (z+a)(z+—) l-a 
a 


So, by Cauchy residue Theorem 


: 2zni(-1)"a"" 
[,.f@)d2==— 
1 2 ° -] n ntl | aa) n 
So, I = real part se ee = An DEP as 
ai l-a l-a 


7 : 2 . . 
4.2.5 Example:Prove that f; e°? cos(sind —n8)d 6 = = where n is a +ve integer. 
n! 


2a 
Solution: Let I = I, e*? cos(sin@-n 8) dO 
2  cosd_(sind-nd)i 
= real part of |, ere do 
2a cos 0+isin 0—inO 
= real part of |, e dé 
2a il ry 
=real part of I, ee ™d0 
dz ss 


2a 
= real part of |, ez”".—, z=e 
iz 


lr e 
= real part of -| oar 


1 e 
= real part of =| f@de , where f (Z) = are is unit circle | Z | =]. 


Clearly, z = 0 is a simple pole of order n+/ forf(z), lying within C. 
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So, by Cauchy Residue Theorem, we have 


Wigs it. 2 
I=real part of = 2zi— = — 
i nin) 


4.2.6 Example: Show that, (it tan(@ +1a)d@ =i where a is positive real number. 
ny) : 
cos(@ + 1a) 
_ 7 2sin(@ +1a).cos(? ~1a) 19 
° 2cos(@ +1ia).cos(@ —ia) 
_ pz sin2@+ sin 2ia 


Solution: Let I = \ tan(@ +1a)d 0 = in 


Jo cos 26+ cos 2ia 
_ 722 sint+sin2ia dt 
Jo cost+cos2ia 2 
1 p27 sint+isinh 2a 
=5 | dt 


Put 20 =t, d@ =dt/2 


° cost+cosh2a 


it -it 
e" —e a 
- +isinh2a 
2a 2i 


1 
=) if e+e" 
2 


dt 


+cosh2a 


_ 1p e —e" —2sinh2a 
2129 e” +e" +2cosh2a 
1 (z-z')-2sinh2a ae 


DL (242")+2cosh2a iz’ 


it 


= = z’ —2zsinh2a-1 , 
2 4(z° +2zcosh2a+1)z 
z’ —2zsinh2a-1 


Ae +2zcosh2a +1) 


, C is unit circle \z| nie 


as = | f@dz, where f(z) = 


Now, poles of f(z) are given by z (2? +2zcosh2a+ 1) =0. 


“.Z=0 and z=—cosh2a+tsinh2a 


Let a =—cosh2a+sinh2a , B =—cosh2 a-—sinh2a 


So, f(z) has two simple pole z=0 and z =@ lying within C(|A| >1). 
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Res(z =0)=lim(z—-0) f@) 
: z’ —2z sinh2a—1 
=limz. ; 7 
20 z(z +2zcosh2a +1) 
and Res(z =a) =lim(z—a) f(z) 
z’ —2zsinh2a-1 


=lim Z-Qa 
lim ( Gane-#)e 
. 1 
SO asin OO, 
_(@-B)~2sinh2a _ 2sinh2a-2sinh2a _, 
a-p 2sinh2a 


So, by Cauchy residue theorem, J = (2a )[-1+0]= 


4.2.7 Example: Evaluate \ Line 96 where a>b>0. 
at+bcosé 
Solution: We note that sin* @ is an even function of @ and sin@ and cos@ are periodic functions of the 


_ 4 
2x sin’ @ 


5 ; ; : 1 
period 27. Hence, the given integral can be written as I = I 
2°9 a+bcosé 


Therefore, .—,Z=e', 
2 c +z" iz 
b 
2 
z—1 ; 
7 b J. | 2 } es 
' z* [2 eee i 
(z°-1)* : it ose 
0 f (z)dz ,where f(z)= and C being a unit circle. 
~ 16ib 4c “‘( 2 , az ) 
z+——+1 
b 
- | 2 22 2 pe 2_ 22 
Now, the poles of f(z) are z = 0 of order 4 and z =a,B, where a = Ne and B= ee ear es 2 


b b 


Saha ae OF 
Thus, the only poles inside C are z =0 and z= a 
2 4 2 4 4 -1\4 
RaGSHeim (z—a)(z —1) (=) (ee) 


a (z-a\(z-B) ai(a—-B) ai(a—f) 


Now la| 


8(a?—b? a 


=(a— py = B 


Complex Analysis 125 


For finding the residue at z = 0 we have to obtain the coefficient of — in the power series expansion of 
Zz 
a 4 -l 
Z 2 ~fo-2y'| (22 42)| 
z G a +1) = 2 


1 
ry 


Z 


[ 1-42” +6z*—42° +2122 2 + 


4a’z*” , 4az> 8a°z? 
+Z + ver 


Coefficient of ED = Coefficient of z* 
v4 


4a 8a 8a 12a 8a’ 
= + 3 ~ 3 
b. Bb Db bb 
So, by Cauchy residue theorem, we have 


3 
. 2 4.2\2 2933 3 
= zi 8(a vs) , Leab : 8a mu Gb) 4 ap . 
16ib b b b p) 


4.2.8 Exercise: 


(i) Prove that I — 0= 7 


° a* +cos* O Ka? +1) 


a 2n(-1)' , 
(ii) Prove that [; e °°? cos(sind +n 6)d@ = calla) a , where n is a +ve integer. 
n! 


2a 
1 
(iii) Prove that | —————~d0 = —— 
J (2+cos6)* ce 


4.2.9 Theorem: Let /(z) be a function of the complex variable z satisfying the conditions 
(i) f(z) is meromorphic in the upper half of the complex plane i.e. Jm(z)=0. 
(ii) f(z) has no pole on the real axis. 


(iii) zf (z) > 0 uniformely as \z| —> 0 foro <argz<7z. 

(iv) [, I (x)dx and [ Jf (x)dx both converge. 
Then, [ f (x)dx =27i Res where > Res. denotes the sum of residues of f(z) at its poles in the upper 
half of the z-plane. 


Proof: Let us consider the integral I. f(z)dz , where C is the contour consisting of the segment of the 


real axis from —R to R and the semi-circle in the upper half plane on it as diameter. 


126 Section-IV 


Let the semi-circular part of the contour C be denoted by T and let R be chosen so large that C includes 
all the poles of f(z). 


Then by Cauchy’s residue theorem, 
R 
I. f (2)dz = ie f (x)dx + I, f (z)dz = 201 X res. (1) 
By hypothesis (iii), 


rs @ (z)| <e for all points z on T. If R is chosen sufficiently large, however small be 
the positive number e¢, then for such R, 


I, f(z)dz 


= | in f(Re”) Re” id6| 
= I fed6|<e dO=en. 


It follows that as F4 =R—-> 0, I, f(pjdz- 0. 
Now, since hypothesis (iv) holds 
2 f° f@)de= lim [fede 
Taking limit as Ro in (1), we get 
[- f@dde = 277 ERes. 
4.2.10 Example: By method of contour integration, prove that 


eee 
0 (1+x°) 


Solution: Consider the integral 


1 
| f(z)dz, where f(z)=——— 
. (l+z ) 
C being the closed contour consisting of T, the upper half of the large circle F =R and the real axis 


from —R to R. Poles of f(z) are z=+i (each of order two) f(z) has only one pole of order two at z =1 
within C. We can write 


f(z)j= 


(z-i/ 


a ee, 
RSS e 0G re 


, where @(z) = 


1 
(z+i) 
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Hence, by Cauchy’s residue theorem 


5 


J f(z)dz pro 
Cc 4i 


[ f(z)dz+ ie fax =7 
{ dz [. dx ne a 


Le. 


+ — 
Tie +1P FR(t+x YP 2 
Now, using the inequality, 

1 
Z,+Z,|2|Z,|—-|Z,|,-——— S$ ——___, We get 
AACA al ale 
i dz <f |az| _ |az| 
r(ltz?) co ay 


——, | |ae|= ——. > 0 as |z|= R>o 
=: 


So ek 
R>o Tl4z ) 


Making R—- co in (1), we obtain 


fa oe gye or [{—aeers4 
(1+x°) (i+x°) 
—x+2 Bes 


4.2.11 Example: Prove that [- poe er 
=x" +10x° + 


z—z+2 
z' +1027 +9 
of T, the upper half of the large circle F4 = R and the real axis from —R to R. 


Solution: Consider the integral I. f(z)dz where f(z)= , C be the closed contour consisting 


We know that |z, +z,| Pa \z,|-|z2| 
1 1 

a ee 

liz, |Ai|-|22| 


Under this inequality, we have 


, f(2)dz = 


{ z+2 : 
T 7*41027+9 


Ss al +|z = pt R°+R42 
a mee AR>OasR>o, 
R* -10R? -9 


Therefore, I, f(z)dz=0asR>o. 
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Now, pole of f(z) are given by z* +10z7+9=0 >(z2° 41)(2 +9)=0 >z=4i,z=i. 
Out of these pole only two simple pole z = i and z= 3: lies within c. 
Therefore, the sum of residues, Res(z=i)Res(z=3i)= =. 
i 
So, by Cauchy residue theorem, we get 
R (i OV Ove 
I. f (2)dz = I, f(z)dz + [., f (x)dx = 2x (=) re 
Making R > o and using (1), we get 
is x =—x+2 _ 5a 
x4 410x7+9 «12 
00 dx _ @(a+2b) 
(P40 (xr +h)? 2ab>(at+by 


4.2.12 Example: Prove that a>0,b>0 


Solution: Consider the integral i f(z)dz, 
1 
(Z+a )(zZ +b YP 
and C is the closed contour consisting of T, the upper half of the large circle \z| = Rand the real axis 


from —R to R. Poles of f(z) are z=+ia (simple) and z=+ib (double). Only poles of f(z) lying 
within C arez=ia (simple) and z=ib (double) 


where f(z) = 


1 
Res(z =ia) = ———————}; 
( ) 2ia(a’—b* 
2. dys 
Recap ei aw 
4b (a’ —b’) 
. 2 P) 
Thus, sum of residues = = = = oe = 
4(a°—b° )° | a b 


i] -2b° + a(3b°- a’ )] 
dab? (a2—b? P 
7 il (b’—a’ )-3b'(b—a) | 
Aaba’ (a’—b’ 
7 i| (b- a’ )-3b°(b—-a) | 
Aab’(a°—b° )? 
i(b-a)| b’ +a’ +ab-3b" | 
Aab’(a’—b* )° 
_i(b—a)(a—b)(a+ 2b) _ —i(a+2b) 
4ab’(a°—b* 4ab* (a+b) 
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So, by Cauchy residue theorem, 


| f@az=|fe+ i f@x)ax 


-2ni ~i(at+2b) |- (a+ 2b) 


4ab’(at+by | 2ab*(a+b)y 
7 dz 
Now, | fede -| P40 )(e+b 


j a2| 
7 (|z| —a? )(\z| -B? 
TR 
= (Raa RB) > Oas|z| =R>0o 


Making R > o in (1), we obtain 


i dx __a(a+2b) 
267 +2)?+b° YP 2ab*(ar+by 
4.2.13 Deductions: 
t dx _ Sa 
(‘) eenyeaey: ~ 144 


—0O 


(ii) i a 


_A 
(2+2)07 +17 9 


—0O 


(iii i dx _ 14 
(°+9)(x°+4)? 1200 


4.2.14 Jordan Inequality: If0 < 6 < = then= < sin@ < @. This inquality is called Jordan inequality. 
We know that as @ increases from 0 to = cos@ decreases steadily and consequently the mean ordinate of 


the graph of y = cosx over the range 0< x < 6 also decreases steadily and mean ordinate is given by 


sin 0 


+" cos xdx = 
(a) oO 


It follows that when 0 < 0 < +, we get eigen 2) or a ee : 
1 1 


4.2.15 Jordan Lemma: If f(z) is analytic except at a finite number of singularities and 
if f(z) > Ouniformly as zo , then 


lim | f(z)dz=0, m>0. 


130 Section-IV 


Where T denotes the semicircle F = R and Im(z) = 0, R being taken so large that all the singularities of 
Jz) lie within T. 


Proof: Since f(z) > Ouniformly as |z| > there existe> 0 such that|f(z)|<e V zon T. 
Also, \z| =R=>z=Re”® 
dz =Re” id@ and |az| = Rdd 


imz 


e 


_ |oim Re® _ 
=e 


imRcos@ _—mRsin@ 
=e ee 


—mRsinO 
e 


Hence, using Jordan inequality, we get 


[.e™ £@az}<f fe™||f@]\az| 


< I “emsin? & RdO 
0 


imz 
e 


ca —mR sind 20 < sind < a) 
=2eR|7e do.” 


=’ = —sind 
- —2mRO 
<2eR|7e ‘ dé 
—2mRO 2 
=2eR| =2eR[e" (=) 
W 
—1 E/ mk _En naph, eTE 
EE (ett) <2 (Ine) 


So, lim J f(z)dz=0. 


4.2.16 Integrals of the form | I (x)cosaxdx and | f(x)sinaxdx: In view of Euler’s formula, 


i 


e'°“ =cosax+isinax , where @is a positive real number, we can write 


| fede = | f(x)cosaxde+i] f(x)sinaxde , 
whenever both integrals on the right hand side converge. 
4.2.17 Example: By the method of contour integration, prove that 


Rap eae e”" , where m= 0, a= 0. 
x +a a 


[ COS NX 5 
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e 


Solution: Consider the integral |_ f(z)dz , where f(z)= and C being a closed contour 


2 2 
Z+a 


consisting of T, the upper half of the large circle \z| = R and the real axis from —R to R. 


Now, —+ 0 as Jz]=R0. 


2 +a’ 


Hence, by Jordan Lemma 


imz 


lim dz=0 


Roo Tz +a 


2 


imz 


e 


oa 


or lim | f(@)dz=0, where f(z) = (1) 


Now poles of f(z) are given by z* +a’ =0 i.e. z=+ia. But z=ia is the only simple pole lying inside C. 


imz 


(z—ia)e 


Res(z=ia) = lim - - 
z>ia (Z+ 1a)(Z— 1a) 
: ell” em 
= lim ——— = —_., 
z>iaz+ia ia 


Hence, by Cauchy residue theorem 


[.f@dz=[ f@dz+f" f@)dx 
em ane 


But i: f(@)de = 2x 


ia = a 
7 WT —ma 
I, f(2)dz+ I, [(w)dx=—e 
Making R—- oo and using (1), we obtain 


2 el” Va _ 
— —dx = —e 


y) 2 
“xX +a a 


Equating the real parts on both sides, we have 


[" COSMxX , na : i cosmx , 72 om 
0 x7 + q° a Oe ger 2a 
4.2.18 Deductions: 
: © COS aX TE. 
(i) I 5 dx =—e“ 
9 x +1 2 
_ © COSX To ee 1 
(ii) I hae -— 
ox +1 2, 2e 


te » COSX 1 
(iii) I, 2 ae = 4é 
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xsinx 7 


4.2.19 Example: Prove that [- =—e“,a>0 
F x +a 2 
Solution: Consider the integral I. f(z)dz where f(z)= = 5 and C being a closed contour 
z +a 


consisting of T, the upper half of the large circle [z| = R and the real axis from —R to R. 


—a 


Now —> 0 as \z| — R—-o. Therefore, Res(z =ia) = : 


2 +a’ 


Hence, by Jordan’s lemma 
im, /(ede=< 


Now, by Cauchy residue theorem 


R 2zie “ 
|. f@)de =], f@de+ |, fede = = 
Making R—- oo and using (1), we obtain 
SS xe™ a. 
[. Tae dx = mie 
{” a ie mie “ 
BG Ad 2 
Equating imaginary parts, we obtain 
ie ae Bit pe 
ox +a 2 
ae 7 xsin x Te ak 
Similarly, dx =—e 
J x° +9 2 
Bo os —ma 
4.2.20 Example: Prove that } as = ee ace Z e v2 cos a >0,m>0 
0 x'+a 2 io. 


Solution: Consider the integral I f(z)dz where f(z) = 7 
z +a 
of the upper half of the large circle and real axis from —R to R. 


; and C is the closed contour consisting 


Since 


Fp as \2| — R—o So by Jordan lemma, we get 
Zz +a 


3 imz 
lim dz =0 
Roo dT z +a 


ie. lim] f(2)dz =0 


4 


Now poles of f(z) are given by z* +a* =0 i.ez* =—a’* 


. 74 = en" eqs = eCntDzin4 
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(2n+))zi 
zee 4 , where n =0,1,2,3... 


Out of these four poles only z= ise and z= ee lie inside C. 
If f(z)= ma ythenRes(e= a)= lim no S a being simple poles. 
For the present case, we have 

Res(z=a) =lim ee =lim = 


za 47 za 
in 3ix 


Therefore, sum of residues i.e. Res(z =ae* ) + Res(z=ae + ) 


or) na) 
oS }} +e mel =) 
Fe el HE eo( 22 


1 —ma ) ma 
=—exp cos——. 


a ee ane) 


Hence, by Cauchy residue theorem, we get 


im 


~ 
- 
Si 


[.f@ dz = zi exo =] cos 


Taking limit |z|= R — co and using (1), we get 


ies f(x) dx = zi exo (= cos (72) 


[. ee dx = zi oxo (= cos Ga 
ox tq (2 V2 
Equating imaginary parts, we obtain 
(. Esme sella dx = 7m exp (=) COS [7 
= x) +a V2 V2 
or [ on ied dx == exp au COS (72 
Ox Fa 2 0, 2 
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4.3 Conformal Mappings: 

4.3.1 Definition: A mapping from z-plane to w-plane is called isogonal if it has a one-one 
transformation which maps any two intersecting curves of z-plane into two curves of w-plane which cut 
at the same angle. Thus, in an isogonal mapping, only the magnitude of angle is preserved. 

4.3.2 Definition: Let w= f(z) be a one to one mapping from the z-plane into w-plane. Let C, and C, 
be two continuous arcs in z-plane through the point z) =(X9, ¥)) which are mapped respectively into 
curves C,'and C,'intersecting at the point w, = f(z,). Then, if the angle at the point z, between the 
arcs C, and C, is equal to the angle at the point w, between C,' and C,' both in the magnitude and 


sense of rotation, then the mapping is called conformal mapping at point Z). 


4.3.3 Remarks: Some authors do not distinguish between isogonal and conformal mappings. They 
regard conformality as the preservation of the magnitude of angle without considering the sense of 
rotation. 


The following theorem provides the necessary and sufficient condition for conformality which 
briefly states that if f(z) is analytic, mapping is conformal. 


4.3.4 Theorem: Prove that at each point z of a domain where f(z) is analytic and f'(z,) is not zero, 
z, being an interior point, the mapping w= /(z)is conformal. 

Proof: Let w= f(z) be an analytic function of z , regular and one valued in a domain D of the z -plane. 
Let z, be an interior point of D. Let C, and C, be continuous curves passing through the point z,)and 
having definite tangents at this point making angles @, and @,, say, with real axis. 


\C> 


< 


c 1 2} \ |/ 
Zo 
224) }\ 
_ rs tangent 


A G2 \GQi 


x 


We have to discover that what is the representation of this figure in the w-plane. Let z, andz, be two 
points on the curves C, and C, respectively, where z, andz,are taken very close toz,. We shall 
suppose that they are at the same distance r from Z, so that we can write 


2 -z,|=r and lz, -Z)|=r 


4, 


. iO, 
1€. Z,-Z),=re' and z,-z,=re'’. 


Then, asr >0 ,6, >a, and 0, >a,. 
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The point z, corresponds to a point w, in the w-plane and the points z, and z, corresponds to points 
w, and w, which describe curves C,' and C,'making angles 6, and /, with the real axis as shown in 
the figure. Let 
W, — Wo = pie 
Wy. — Wo = per 
when p, and p, >0, then ¢ > £ and ¢, > £, respectively. 
Now, by definition of analytic function, as f(z) is given to be analytic, we have 
f'\(Z)= lim f(2)- f Zo) = ai W, —Wo 


Z Zo Z—Zy 21 >Zo Z1 —Z9 


P es = pe 


= lim Bi 


11720 e! 


ie, lim Pei — Re® 
Z| ZO r 


Equating the argument and modulus, we have 


lim 21-R=|f(z,)| and 


1320 Fr 
lim(g,-4)=6 

le, fB-a@=0 > B=a+od 

Similarly, we have 8, =a,+0 . 

Hence, the curves C,'and C,' have definite tangents at point w) making angle a@,+ 6 anda, +6 with 


the real axis. Thus, the angle between C,'and C,'is 

B,- B, =(@, + 0)—-(a@, +6) =a, -@, . 
Which is the same as the angle between C, and C,.Hence, the curves C,'and C,' intersect at the same 
angle as the curves C, andC, .Also, the angle between two curves has the same sense in the two figures 


and therefore the mapping is the conformal mapping. 
4.3.5 Special Case: In the above theorem, when /'(z)=0. 


Proof: Suppose / '(z) has a zero of order n at the point z,, so that 
f'(2) = (2-2)" 92) » 
where g(z) is analytic and (z,)#0 
> fi )=S "=f "Eo) == f" Zo), fo) #9. () 
Expanding f(z) by Taylor’s theorem in the neighborhood of z, , we have 
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f@=S.4,@-2)" Q) 
e i AZ) 


m! 


(3) 


where a, 


Applying (1) to (3), we have a,,=0 for m=1,2,3,..,0. 


Thus, from (2), we have 


[oe) 


f(z) =ag(z-2)°+ Ya, (z— 29)” . 


m=n+l 

_ f(g.) 
0! 

F(2)—f (2) = Gy (Z, 29) + 


n+1 


But aA 


= (Zo) 


= Wi- Wo = Aya (ZZ) 


ie - 
“and a,,,;=ae™. 


Taking, w,-w, =p,e", Z,—-Z) =re 
Therefore, we get 


p; ei?! = eit pot eit) 


=q pat gilGDG+4] 


=> limg, = lim{(nt+)6, +2} =(nt+ a, +A 
Similarly, limg, =(n+lDa,+A 


=> lim(g, — 4) =(n+ l(a - a) 
The curves C,' and C,'have definite tangents at w, but the angle between them is n+1 times the 


angle between C, and C, passing through z,. Consequently, conformal property does not hold at z,. 


4.3.6 Definition: If a complex function f(z) is analytic at a point z,) and if f(z.) =0, then zy is called 
a critical point of f(z). 

The following theorem is the converse of the above theorem and a sufficient condition for 
conformal mapping. 
4.3.7 Theorem: If the mapping w= /(z) is conformal and there exist a pair of continuously 
differentiable relations u =u(x,y), v= v(x, y) then show that f(z) is an analytic function of Z . 
Proof: Letu =u(x,y), v= v(x, y)be a pair of differentiable equation defining conformal transformation 


from xy-plane to uv-plane. Let ds and do be the length elements in the xy-plane and uv-plane 
respectively, then by definition 
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ds* = dx’ + dy’ 
do” =du’ +dv 
Since uw and v are functions of x and y, therefore 


du 2@e dx + as pens dx + alae 
oy Ox oy 


(1) 


Ox 


0 a) 0 


2 2 
| 2» | (any, (2 au) (2) | cgyy2 4 9f Gu ou , Ov dv 
i.€., do -(%) (2) || (%) {2 lu» + 2| 2 ay a = i dy (2) 


Since the mapping is conformal, therefore the ratio do’ : ds* is independent of the direction. Comparing 
the coefficient from equation (1) and (2), we have 


ou) (av) du du avav (au) (av) 
Ox Ox) _ Ox Oy Ox Oy _ oy Oy 


2 
7 tu? vd? =| Have ay +| acs ay] 


1 0 1 
2 2. 2 2; 
a (=) (2) z Ou a Ov (3) 
Ox Ox oy oy 
and EO BONY 24 (4) 
Ox Oy Ox Oy 


From equation (4), we have 
Ou/ Ox _ Ov/ Ox 


év/dy idu/éy 


= A(say) 


=A, =-A (5) 


Putting this in equation (@), we get 
2 2 2 
ae avy Wh Ou Ou i Ov 
ay oy oy oy 
2 
or (27-1) (2) (2) =0 
oy oy 


SS A A1s0- = Aas 
Using this in equation (5), we get 
ee, Se (when A=1) (6) 
ex ~ ey? oy Ox 
ou ov ou Ov 


as = ay? ae es (when A= - 1) (7) 
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The equation (6) is Cauchy- Riemann equation and hence w= f(z) is an analytic function. The equation 


(7) are reduced to (6) by writing —v in place of v 1.e., by taking as image figure obtained by the reflection 
in the real axis of the w-plane. Thus, the four partial derivatives ux, Uy, Vx, Vy exist are continuous and 
satisfy C-R equations. Hence, f(z) is analytic. 


4.3.8 Remarks: 
(i) The mapping w= f(z) is conformal in a domain D if it is conformal at each point of the domain. 


(ii) The conformal mappings play an important role in the study of various physical phenomena defined 
on domains and curves of arbitrary shapes. Smaller portions of these domains and curves are 
conformally mapped by analytic function to well-known domains and curves. 


4.3.9 Example: Find all points where the mapping f(z) =sinz is conformal. 


Solution: The function (/(z)=sinzis_ entire and (/f'(z)=cosz=0 if and only if 


z=(2Qn+ Le né0,+1,+2.... and so each of these points is a critical point of f. By theorem 4.3.4, 
sinz is a conformal mapping for allz # (2n +15 neé0,+1,+2..... Furthermore, w=sinz is not a 


conformal mapping at z = (2n+ n>. neé0,+1,+2....because f"(z)=—sinz= F1 atthe critical points 


of f. 
4.3.10 Example: Discuss the mapping w=Z . 


Solution: We observe that the given mapping replaces every point by its reflection in the real axis. 
Hence, angles are conserved but their signs are changed and thus the mapping is isogonal but not 
conformal. If the mapping w=7Zis followed by a conformal transformation, then resulting 
transformation of the form w= /(Z)is also isogonal but not conformal, where f(z) is analytic function 


of Z. 
4.3.11 Example: Discuss the mapping w =z“, where a is a positive real number. 
Solution: Denoting z and w in polar as 

i0 o 


z=re w=pe , the mapping gives p=r“, 6=a0. 


Thus the radii vectors are raised to the power a and the angles with vertices at the origin are multiplied 
by the factor a. If a >1, distinct lines through the origin in the z-plane are not mapped onto distinct lines 


through the origin in the w-plane, since, e.g. the straight line through the origin at an angle zal to the 


a 
real axis of the z-plane is mapped onto a line through the origin in the w-plane at an angle 27 to the 
oe os a dw = ata: 
real axis i.e. the positive real axis itself. Further ae = az" i which vanishes at the origin if a > 1 and 
Zz 


has a singularity at the origin if a < 1. Hence the mapping is conformal and the angles are therefore 
preserved, excepting at the origin. 


Similarly, the mapping w=e* is conformal. 
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4.3.12 Example: Prove that the quadrant|z| <1, O0<argz< 5is mapped conformally onto a domain in 


the w-plane by the transformation w= ——-. 
(z+1) 


Solution: If w= f(z) = - then f'(z) is finite and does not vanish in the given quadrant. Hence, 
Z 


+1)’ 
the mapping w= f(z) is conformal and the quadrant is mapped onto a domain in the w-plane provided 


w does not assume any value twice 1.e. distinct points of the quadrant are mapped to distinct points of 
4 4 


(4+? Gq +? 
both z, and Zz) belong to the quadrant in the z-plane. Then, since z,#2Z), we have 
(2) — 29 (zy +29 +2) =0. 


the w-plane. We show that this indeed is true. If possible, let where z, #Z) and 


> (241 +22+2)=OLe. z;=—z) —2. But since z) belongs to the quadrant, —z)—2does not, which 


contradicts the assumption that z, belongs to the quadrant. Hence, w does not assume any value twice. 
4.3.13 Exercise: Determine where the complex mapping w= f(z) is conformal. 
1, f@=2" 3741 
x f@)=2 4 2iz=3 
3. f@=z-e* +1-1 
4, [@=2"? 
5, f(z)=tanz 
6. f@=2z-ti) 
4.3.14 Exercise: Show that the complex mapping w= f(z) is not conformal at the indicated point. 
1. f(2)=(2-i); 2 =i 
2. f(z)=(iz-3); z, =-3i 
3. fiz=e 3 2 =0 
4. f(z)=Vz ; 2 =0 
4.4 Space of Analytic Function: 


4.4.1 Definition: A metric space is a pair (X, d) where X is a set and d is a function from X x X into R, 
called the distance function or metric, which satisfy the following conditions for x, y, ze X 


@ d(x,y) 20 
(ii) d(x, y) = Oi ea 
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di) d(x, y) = d(y,x) 

(x) d(x, z) < d(x, y) + d (y,z) 
Conditions (iii) and (iv) are called ‘symmetry’ and ‘triangle inequality’ respectively. A metric space (X, 
d) is said to be bounded if there exists a positive number K such that d(x, y) <K for allx, ye X.The 


metric space (X, d), in short, is also denoted by_X, the metric being understood. If x and 7> 0 are fixed 
then let us define 


B(x;r)={xeX:d(x,y) <r} 
B(xur)={yeX:d(x,y)<r 


IA 


B(x; r) and B(x r) are called open and closed balls (spheres) respectively, with centrex and radius r. 


B(x;) is also referred to as the ¢ -neighbourhood ofx. 


Let X = R or C and define d(z, w)=|z—w| . This makes both (R, d) and (C,, d) metric spaces. 


(C , d)is the case of principal interest for us. In (C , d), open and closed balls are termed as open and 
closed discs respectively. A metric space (X, d) is said to be complete if every sequence in XY converges 
to a point of X, R and C are examples of complete metric spaces. If G is an open set in C and (X, d) is 
complete metric space then the set of all continuous functions from G to X is denoted by C(G, X). 


The set C(G, X) is always non empty as it contains the constant functions. However it is possible that 
C(G, X) contains only the constant functions. For example, suppose that G is connected and X = N = {1, 
2, 3, 4,..}. If f €C(G, X) then f(G) must be connected in X and hence, must be singleton as the only 


connected subsets of N are singleton sets. 
In this section we shall be mainly concern with the case when_X is either C or C,.To put a 
metric on C(G, X), we need the following results. 


4.4.2 Theorem: If G is openset in Cthen there is a sequence {X,,} of compact subsets of G such that 
G= U K,, . Moreover, the sets {K,,} can be chosen to satisfy the following conditions: 

n=1 

(i) K, CintK,4) 

(ii) K <G and K compact implied K c K,, for some n. 
4.4.3 Definition: If G is open set inCand G = U K,, where each K, is compact and K,, CintK,,,. For 


n=] 
neN , we define 


Pn f,g) = sup{d(f(z),g(z)) :z € K,,},for all functions fand g in C(G, X). 


Also, if we define 


= OES Date) 
(fe)= (5) Lace f.geC(G,X). 


Then, (C(G, X),p) is a metric space. In fact (C(G, X),) is a complete metric space. 
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4.4.4 Definition: A set ®cC(G,X ) is normal if each sequence ® has a subsequence which 


converges to a function fin C(G,X). 
4.4.5Lemma:A set ® <C(G,X) is normal iff its closure is compact. 


4.4.6 Definition:A set © <C(G,X)is called equicontinuous at a point zp in G iff for every ¢ > 0 
there is 6 > 0 such that for | z— zg |<o, 


d(f(z),f (0))<é, for every fin ©. 
A set ® is said to be equicontinuous over a set E < G if for every ¢ >0 there is a 5 > 0 such that for 
zand z' in E and |z—z'|<6, we have 

d( f(z), f(z'))<é, forall fin ©. 


Notice that if ® is consist of a single function f then the statement that © is equicontinuous at 
Zols only the statement that fis continuous at zo. The important thing about equicontinuous is that the 
same 6 will work for all the functions in ® . Also for © = {f}to be equicontinuous over E is equivalent 


to the uniform continuity of fon E.Further, suppose ® c C(G,X ) is equicontinuous at each point of G 
then ® is equicontinuous over each compact subset of G. 

4.4.7 Arzela-Ascoli Theorem: A set Oc C(G,X ) is normal iff the following two conditions are 
satisfied: 


(i) For each z in G, {f(z)sf € M} has compact closure in X. 


(ii) © is equicontinuous at each point of G. 


Let G be an open subset of complex plane H(G) be the collection of holomorphic (analytic) 
functions on G.The following theorem shows that H(G) is a closed subset of C(G, C). 


4.4.8 Theorem: If {/,} is a sequence in H(G) and f belongs to C(G, C) such that f, > f then fis 


analytic and f, (x) >f (x) for each integer k >1. 


n 


Proof:To show f is analytic on G, we shall use the following form of Morera’s theorem which states, 


“Let G be a region and let f:G-— C be a continuous function such that [ f=0 for every triangular 
T 
path T in G, then fis analytic in G”. Let T be a triangle contained inside a disk DCG. Since T is 


compact, {/,,} converges to funiformly over T. Hence, 
| f =limf f, =0. 
T T 


Since each /,, is analytic. Thus f must be analytic in every disk D <G. This gives that fis analytic in 
G. To show that fh) > f (x) , let D denote the closure of B(a, r) contained in G. Then there is a number 
R>r such that B(a;R) CG If y is the circle |z—a|=R then by Cauchy’s integral formula, 


fl) (z) gh) (z)= a J mre ro w, for z in D. 
y W-Z 


Let M,, = Sup {| f, (w)- f(w) || w—-a |= R}. Then by Cauchy’s estimate, we have 


k\M,,R 
fee) PONS ar 


for |z—al|kr (1) 


Since f,, > f, lim Mn= 0.Thus, it follows from (1) that Gi) > f) uniformly on B(a;R) . Now let K 


n 
be an arbitrary compact subset of G and 0<r<d(K,0G) then there are a),q,...d, in K such that 
n 
Ke U B(a j cr) 
j=l 
Since fi) > pf) uniformly on each B (a; :r) , It follows that fh) > pf) uniformly on K, which 
completes the proof of the theorem. 
4.4.9 Corollary: H(G) is a complete metric space. 


Proof: Since C(G, C)is a complete metric space and H(G) is closed subset ofC(G, C), we get that H(G) 
is also complete using “Let (X, d) be a complete metric space and Y c X . Then (Y, d) is complete iff Y 
is closed in X”. 


ee) 
4.4.10 Corollary: If f,,:G— C is analytic and > f, (z) converges uniformly on compact sets to /(z) 


n=] 


AY (2). 


then fl"), = y 
n=l 

4.4.11 Hurwitz’s Theorem: Let G be a region and suppose the sequence { Fis in H(G) converges tof 

If f #0 ,B(a;R)c G and f(z) #0 for |z—a|=R then there is an integer N such that for n => N,f and 

J, have the same number of zeros in B(a ;R). 

Proof: Let 6 =inf {| f(z)|:|z-a| = R} . Since f(z) #0 for |z—a|=R, we have 5 >0. 


Now f,, > f uniformly on {z: |z—a|=R } so there is an integer N such that if n > N and 


re) 
|z—a|=R then | f(z)- f, (z)l< ae If (2) 
Hence, by Rouche’s theorem, fand /,, have the same number of zeros in B(a; R). 
4.4.12 Corollary: If { te} CH (G) converges to f in H(G) and each f,, never vanishes on G then 
either f =0 or fnever vanishes. 


4.4.13 Remark: Another form of Hurwitz’s theorem is “Let {/,,(z)} be a sequence of functions, each 
analytic in a region D bounded by a simple closed contour and let f,,(z)—> f(z) uniformly in D. 


Suppose that f(z) is not identically zero. Let z) be an interior point of D. Then Zp is a zero of f(z) if and 
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only if it is a limit point of the set of zeros of the functions f,,(z), points which are zeros of f, (z) for 
an infinity of values of n being counted as limit points.” 


Proof: Let zo be any point of D and let y be a circle with centre zo and radius p so small that y lies 
entirely in D. Suppose y neither contains nor has. on it any zero of f(z) except possibly for 
thepointzoitself. Then, |f(z)|hasastrictlypositivelowerboundonthecircle| z — zo |= p ,say, 


f(z] = K>0 (1) 
Having fixed p and K, we can choose N so large that, on the circle, 
\fn(Z)—S(z)|<K for all n>N (2) 
From (1) and (2), we get 
Min (2)-F(2)]< [F(2) 


Thus, if we set g(z) = f,(z)—f(z), then on the circle |z—zo| =p, 


g(z) <|f (2). 
Hence, by Rouche’s theorem, for n > N, g(z) + f(z) 1.e. f(z) has the same number of zeros as f(z) inside 


the circle y . Thus, if f(z) = 0, then f,(z) has exactly one zero inside y for n > N. Therefore, Zo is the limit 
point of the zeros of f,(z). If f (zo) #0, then f, (zo) #0 inside y for n> N which completes the proof. 


4.4.14 Definition : A set DCH (G) is called locally bounded if for each point a in G there are 
constants M and r> 0 such that for all fin © , 

If(2\sM for \z — a| Ca 
Alternately, ® is locally bounded if there is an r > 0 such that 

sup{|f (z)|:|z —al<r, f e®}<o, 


That is, ® is locally bounded if about each point a in G there is a disk on which ® is uniformly 
bounded. 


4.4.15 Lemma: A set ® in H(G) is locally bounded iff for each compact set K < G there is a constant 
M such that If (2) <M, forallfin ® andzinK. 


4.4.16 Montel’s Theorem: A family ® in H(G) is normal iff® is locally bounded. 


Proof: Suppose ® is normal. We have to show ® is locally bounded. Let, if possible, suppose that © 
is not locally bounded. Then there is a compact set K c G such that 


sup {|f (z)]:2 eK, f eo} =00 
That is, there is a sequence {f,} in ® such that 
sup {| fnlz)lize K} >n. 


Since ® is normal there is a function fin H(G) and a subsequence { Sn, } such that Sn, > f 
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This gives, lim sup(| fn (z)-f(z)|:z eK)=0 
ko : 
Let If (2) <M for z in K. Then 


ny Ssup{| fy, (z)|:z eK} 
= sup{ | fy, (z)- f(z) + f(z): ze K} 
= sup { I fn, (z)- f(z): zeK}+sup{ | f(z) |:z€K} 


Snes sup] fn, (z)—f (z) |: ze K}+M 


=> lim Nk <M 
k—-oo 


A contradiction since<n;, >is strictly monotonically increasing sequence. Hence our supposition is 
wrong. So ® must be locally bounded. 

Conversely, suppose that ® is locally bounded. Then for each z in G, { ba vaees <o} has compact 
closure. We now show that ® is equicontinuous at each point of G. Let a be any fixed point of G and 
e> 0. By hypothesis, there is an r > 0 and M > 0 such that B(a : r)c< Gand If(2) <M for all z in 


Bia : r) and for all fin © . 


Let |z—a|< x and f € ® . Then by Cauchy’s formula, withr(t) =a +re“, 0 <t<2z, 


ewe) 


‘GG. 


f(a) F@)IS5- 


<—|a-z| 
r 
; . _ ror 
Choose 6 straight line 0<6,min,—,——€>. 
2 4M 


Then |a—z|<6 gives | f(a) — f(z)|< «forall fin ©. Therefore F is equicontinuous atae G . Hence, 
by Ascoli-Arzela theorem, ® is normal. 

4.4.17 Corollary: A set © C H(G) is compact iff it is closed and locally bounded. 

4.4.18 Definition: A region G; is called conformally equivalent to G) if there is an analytic function /: 
G,;->C such that f is one-one and f(G;) =Gp. 


It is immediate that C is not equivalent to any bounded region by Liouville’s theorem. Also, it 
follows from the definition that if G; is simply connected and G; is equivalent to G2, then G2 must be 
simply connected. 


We now prove Riemann mapping theorem which states that every simply connected region G in 
the plane (other than the plane itself) is conformally equivalent to the open unit disc D. We shall use the 
following results: 
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4.4.19 Result: Let G be an open connected subset ofC . Then the following are equivalent. 
(i) Gis simply connected. 
(ii) For any fin H(G) such that f(z) # 0 for all z in G, there is a function g in H(G) such that f(z) 
=[g(2)]’. 
4.4.20 Result: Let f: D—D be a one- one analytic function of D onto itself and suppose f(a) = 0. Then 
there is a complex number c with | c | = 1 such that 


f =c@,where ¢, (z) === with |a|< 1. 
l-az 


4.4.21 Open mapping theorem: Let G be a region and suppose that fis a non-constant analytic function 
on G. Then for any open set U in G,f(U) is open. 


4.4.22 Riemann mapping theorem: Let G be a simply connected region which is not the whole plane 
and let a € G. Then there is a unique analytic function f;G—>C having the properties: 


(i) f(a) = 0 and f(a) >0. 
(ii) fis one-one. 
(iii) (G) = {z: | z| <1}. 
Proof: First we show fis unique. 
Let g be another analytic function on C such that g (a) = 0, g(a) > 0, g is one-one and 
e(G) = {z:|z| <1} =D. 
Then fog’: D— D is analytic, one-one and onto. Also, fog”! (0) = f(a) =0. 


So there is a constant ¢ with |c|= land fog”! (z)=cz for all z. 
[Applying theorem (4.4.20) with a = 0] 

But then, f(z) =cg(z) gives that 0< f(a) =cg'(a). 
Since g(a) > 0, it follows that c = 1.Hence f= g and so fis unique. 
Now let ® = {f € H(G) fis one-one, f (a) =0, f'(0)> 0, f(G) cD} 
We first show ® #¢. Since G # C so there exists b € Csuch that b¢G. 
Also G is simply connected so there exists an analytic function g on G such that| g (z)]° =z—b. 
Then g is one one. For this let z1,Z2 € G such that g(z1) = g(z2) 
Then, [g(z)] = [g(z)} 

4-6 = 2,- b>7,= 2 
Thus,g is one-one. 


So by open mapping theorem, there is a positive number r such that 
B(g(a);r)< g(G). (1) 
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Let z be a point in G such that g(z)e B(-g(a);r) 


Then, 
|g(z)+g(a)|<r 
= |-g(z)- g(a)|<r 
= -g()e8(e(a):r) 
= —g(z)eg(G) [using (1)] 


So there exist some weG such that 
-g(z) = g(w) 


=> — [e(z)} = [e(w)P 


~8(z) =8(z) 
= g(z) = 0 
But, z—b =| g¢(z) a Oimpliesb = zeG, a contradiction. 


! 
Hence, g(G)OB(-g(a);r)=¢ 
Let U = B(-g(a);r).There is a Mobius transformation T such that 
T(C,,-U) = D 
Let g; = Tog then gj is analytic and g,(G) cD. 


= gi (z)-@ 


= h = ' 
ae ere a = gj (a) 


Consider g> (z) 


Then go is analytic, g> (G) c Dand g> (a) = 0. 
Choose a complex number c, | c | = 1, such that 
23(z)=cgo(z) and g3(a)>0 
Now g3 ©@Phence D#@. 
Next we assume that ® = ® u {0} (2) 
Since f (G) <D, sup{| f(z) |: z€G}<lfor fin ® . So by Montel’s theorem, ® is normal. 
This gives D is compact. 
Consider the function ¢: H(G)—>C defined as 


pea oh ania parte a aac as ye ee ta es nuane eminent ul 
Hence, ¢ is a continuous function. 

Since ® is compact, there is an fin ® such that f'(a)>g '(a) , for all ge®. 

As ® # ¢ ,(2)implies that f ¢ ® . We show that f(G) = D. Suppose we D such that w¢ f(G). 


Then the function 

f(2)-w 

l-wf (z) 
is analytic in G and never vanishes. Since G is simply connected, there is an analytic function 
h: G— Csuch that 


ol “er (3) 


Since the Mobius transformation Tz = = maps D onto D, We haveh(G)cD. 
—w 


Define g: G—Cas 


|A'(a)| h(z)-h(a) 
h'(a) 1-h(a)n(z) 


h 
Then g(G)cD, g(a)= Oand g is one- one. 
fy CO) HK@LA@E] 1)! 
Als, €'6)= n(a) fi-ja(a)Pf EF IA(a)h 
2_|f(@)-w 
1—wf (a) 


Differentiating (3), we get 


g(z)= 


But, |A(a)| =|-w=|w [as f(a) = 0] 


2h(a)h\(a)= f'(a)[I-| wP] 


f(a)(-}o?) £(a\(I- be?) 
2h(a) | 
s(ai-lwP) LCL), aca) 


es h'(a = 


0 ers ea = en 


This implies, g¢@ which is a contradiction to the choice of f Hence, we must have f(G)=D. 
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Next we prove D=0U {0}. 
Suppose { f,,} is a sequence in® and f,, > f in H(G). 


Then, /(a)= lim f, (a)= 0 
no 


Also f(a) > f'(a)so f'(a)2=0 

Let z; be an arbitrary element of G and letw = f(z). Letw, = fj, (4). Let z2€G,z) # z,and K bea 
close disk centred atz) such that z; = K .Then f,,(z)—w, never vanishes on K since f is one-one But 
fy (z)—wy converges uniformly to f(z)—won K as K is compact. So, Hurwitz’s theorem gives that 
f (z)—wnever vanishes on K or f(z) = w. 

If f(z)=w on K then f is constant function throughout G and since f(a) = 0, we have f(z)=0. 
Otherwise, we have fis one-one. So f' can never vanish. This gives f'(a) >0 [- f'(a)20]. So fe. 


Hence ® = ® v {0} , which completes the proof of the theorem. 


